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Solar radiation pressure effects have been exploited by satellites for about four decades. Concepts have been
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area of spacecraft surface element under
consideration, m?

constant

center of mass, center of pressure

Fourier coefficients

cosine of A (dy)

time, days

epoch of the vernal equinox

solar radiation force

absorptive, diffuse, and specular parts of the
solar radiation force

functions

force terms

threshold

torque terms

height of the spacecraft, m

moment of inertia about the spin axis, kg m?
unit-vector normal to the surface element
components of n along the spacecraft axes
solar radiation force parameter, pA/R?, N

solar radiation pressure, p ~ 4.56 x 107%, N/m?

angular rate

distance from the spacecraft to the sun, AU
length of the lever arm of the solar radiation
pressure torque

lever-arm vector of the solar radiation pressure
torque

radius of the cylindrical spacecraft
components of r along the spacecraft axes
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developed for using solar radiation forces and torques in practical applications, for instance, for orbit stationkeeping
and attitude stabilization of geostationary communications satellites. The forces and torques induced by solar
radiation pressure can substantially alter the orbital and attitude behavior of spacecraft, especially in long-duration
missions. The present work analyzes the long-term effect of the solar radiation torques on the evolution of the spin-
axis attitude pointing of any type of spacecraft (e.g., Earth-orbiting spacecraft, deep space probes, and solar sails).
Analytic models are presented that can be applied to a spacecraft of an arbitrary geometrical shape. Compact results
are established that predict the annual drift of the spacecraft spin axis under solar radiation torques. The models
presented will be useful for the design of spacecraft attitude control systems as well as for space mission planning,
including hibernation concepts.

sun unit vector (from the spacecraft to the sun)
sine of A (dy)

components of s along the inertial X, Y, and Z
axes

solar radiation torque magnitude

solar radiation torque vector

time, s

absorptive, diffuse, and specular parts of solar
radiation torque

modified angular rate, W = Q sin y,../wg
precession rate, rad/s

precession vector

Earth-centered inertial reference frame

unit vectors along the x, y, and z axes
spacecraft body reference frame with z as the
spin axis

sun-spin-axis reference frame

unit vectors along the x,, y,, and z, axes

unit vector along the spin axis

initial value of the spin-axis direction

inertial components of spin-axis direction z
inertial components of the initial spin-axis
direction

right ascension and declination of the spin axis
in the inertial frame

solar aspect angle

averaged solar aspect angle over a year
infinitesimal change

spin period (considered infinitesimal)
misalignment angle

ecliptic obliquity

precession angle

sun’s ecliptic longitude

right ascension and declination of normal n in
the spacecraft frame

components of the spin axis along the ecliptic
frame

specular reflectivity coefficient

diffuse reflectivity coefficient

constant

right ascension and declination of the lever arm
in the spacecraft frame
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/A = spin-phase angle

v, ¥ = modified spin-phase angles, ¥ 4+ v and ¥ + 7,
respectively

10} = spacecraft spin rate, rad/s

W = sun’s mean angular rate, deg /day

Subscripts

a = absorptive component

ave = averaged value over a year

d = diffuse component

i = index of the surface element

max = maximum value over a year

s = specular component

X, ¥, 2 = components along the spacecraft axes

0 = initial condition

1,2 = start and end of the averaging interval

Superscripts

= differentiation with respect to time, s
= differentiation with respect to time, days

1. Introduction

OLAR radiation pressure (SRP) effects on satellites have been

studied extensively during the last 45 years [1-5]. Spacecraft
attitude and orbit control systems must compensate for the SRP
disturbances throughout the mission lifetime. On the other hand,
SRP effects can also be exploited for specific attitude and orbit
control objectives. In any case, a good understanding and accurate
prediction of the SRP effects is important during the mission design
and can lead to reductions in the required onboard propellant.

The concept of using SRP torques for attitude stabilization was
first raised in 1959 by Sohn [1]. The technique has successfully been
implemented in a variety of space missions, but especially in
geostationary communications satellites. For instance, OTS, INSAT,
TELECOM 1, and INMARSAT 2 make use of the windmill torques
induced by SRP to perform roll/yaw attitude stabilization [2—4]. The
orientation of the north and south solar arrays can be rotated
differentially (about the pitch axis) with respect to the nominal sun-
pointing orientation. In this manner, disturbance torques about the
roll and yaw axes can be countered without expenditure of onboard
propellant. Wie [3,4] presented the dynamics and control of solar
sails under SRP effects, showing that the offset between the center of
mass and center of pressure can cause attitude control and stability
problems. With regard to orbital effects caused by SRP, van der Ha
and Modi [5] provided a model for predicting the effects on space
structures of arbitrary geometrical shape.

Patterson and Kissel [6] examined the effects of SRP on the
PAGEOS balloon spacecraft and observed a highly variable rotation
rate and a precession of its spin axis. They used an ellipsoidal model
to explain these variations. Pande [7] considered the possibility of
using SRP to develop a controller to rotate the spin axis of a
spacecraft using two solar panels along its spin axis. The controller
was shown to be able to rotate the spin axis of a medium-sized
spacecraft from the orbit normal attitude to the in-orbit plane
orientation (i.e., a 90-deg rotation angle) in about four days. Parvez
[8] examined the SRP disturbance on the GSTAR and SPACENET
spacecraft and estimated the SRP torque at different times of the year
using the in-orbit performance of the momentum wheels and the duty
cycle of the magnetic torquers. Their results have been used in
preparing stationkeeping maneuvers and also in the validation of
SRP models used in the design of the attitude control system. Ziebart
[9] provided a detailed analytic formulation for SRP modeling of
spacecraft with complex shapes. Rios-Reyes and Scheeres [10]
presented a generalized methodology for the analytic description of
the forces and moments generated by a solar sail of arbitrary shape
and optical properties.

The model presented in this paper offers predictions of the long-
term drift of the spin axis of a spin-stabilized spacecraft under the

influence of SRP torques. Analytic expressions for the SRP force and
torque effects are found by summing the various spacecraft surface
areas, each with its own reflective properties and its position and
orientation relative to the spin axis. The long-term evolution of the
spin-axis-pointing direction is established by means of an averaging
operation over the spin revolution. This leads to practical compact
models that can predict the evolution of the attitude drift of an
arbitrary spacecraft configuration under SRP torques. A few practical
applications with primary relevance for the attitude pointing of deep
space probes during their hibernation periods are presented for
illustration.

II. Spacecraft and Sun Geometry

Figure 1 shows the orientation of the instantaneous spacecraft
reference frame (x, y, z) within the Earth-centered inertial reference
frame (X, Y, Z). The spacecraft x and y axes rotate rapidly about the z
axis under the spacecraft spin rate, which is typically within the range
from a few rpm up to perhaps 120 rpm. The spacecraft spin axis (i.e.,
the z axis), on the other hand, moves very slowly in inertial space
under the action of external torques.

The instantaneous orientation of the spacecraft spin axis in the
inertial geocentric reference frame (X, Y, Z) is described by the unit
vector z = (z;, 25, z3)T with

Z) = COS® cOS §; 7, = sina cos §; zz=sind (1)

The instantaneous sun position within the inertial frame (Fig. 1) is
defined by the unit vector s with components s = (s, 5,, 53)7. The
evolution of the sun unit vector in the geocentric equatorial frame can
be described by the analytical model presented by Vallado [11]:

§] =COS Ag; §, =sinAg coség; 53 =sinlgsingy (2)
The sun’s ecliptic longitude A, and the ecliptic obliquity e, are
given by the approximate expressions (with acceptable accuracy for

the long-term applications to be considered here):
Ao A wg(d —dy); £o A 23.439 deg 3)

Time is expressed in terms of days relative to the epoch of the vernal
equinox. The sun’s mean angular rate of w, ~ 0.9856 deg /day in
the inertial geocentric frame is extremely small compared with the
spin rate .

Figure 2 shows the geometry of the sun vector relative to the
spacecraft spin axis, which is characterized by the instantaneous
solar aspect angle y. The instantaneous sun-spin-axis plane is defined
by the unit vectors s and z toward the sun and along the spin axis,
respectively. This plane contains the x, and z, coordinate axes, and
the latter axis is pointing along the spin axis (Fig. 2). The unit vectors
X, and y, follow from the geometry in Fig. 2 and can be expressed in
the known unit vectors s and z:

X, = (s —cosyz)/siny; Y, =Z X X “

Spin Axis

X

Fig. 1 Geometry of the spacecraft frame and sun motion in inertial
space.
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Spin Axis
Zs=7Z

X
Fig. 2 Geometry of the sun-spin-axis plane x,~z,.

Thus, the y, axis points normal to the instantaneous sun-spin-axis
plane.

It should be noted that the (x;, y,, z,) sun-spin-axis frame is not
strictly inertial, because it is defined by the sun vector and the spin
axis, both of which are slowly varying in time. Nevertheless, during
the relatively short duration of one spacecraft revolution, we may
consider this frame to be quasi inertial or frozen. For illustration,
typical spin rates of operational satellites are in the range from 5 to
120 rpm, and so one revolution would take between 0.5 and 12 s. This
is very fast compared with the slow changes in the spacecraft attitude
orientation and in the sun vector’s inertial position. The slow
variation of the sun-spin-axis plane provides the justification for
eliminating the fast spin motion from the long-term effects by means
of spin-averaging of the solar radiation forces and torques.

When using the definitions in Egs. (1) and (2), we can write the
solar aspect angle as

y = arccos(z - s) = arccos{C cos(Ay — @)} )
with

) 12
C =173 +[z,co8 64 + z3sineg |

g =tan [y cos e + 5 Sineg]/z)

Two specific attitude orientations are of particular interest:
namely, those defined by the vectors z* and z™:

2z = (0,—sineg, coseg)T; 7z~ =-z* 7

Equation (6) shows that the amplitude C vanishes and the angle ¢ is
ill-defined for both of these vectors. From Eq. (3), we find that the
solar aspect angle is ™/~ = 90 deg while these vectors are pointing
north and south to the ecliptic plane. These specific attitude
orientations are of considerable practical interest for hibernating
deep space probes during their long cruise phases in a near-ecliptic
trajectory. They offer favorable operational conditions, because the
solar aspect angle may be maintained close to 90 deg throughout the
hibernation phase without any active control [12].

For the spinning satellite applications considered here, the
spacecraft frame (x, y, z) rotates about the z = z, axis, which is
assumed to remain fixed during one spin period. The transformation
between the spacecraft (x, y) axes and the quasi-inertial (x,, z,) axes
(Fig. 2) can be expressed in terms of the spin-phase angle
¥(t) = w(t — t,), with @ denoting the spin rate and ¢, denoting the
instant at which the spacecraft x axis crosses the sun-spin-axis plane:

x\ _ [ cosy(r) siny(r) | (% 8
y) | =siny(t) cosy(r) |\y, @

III. Solar Radiation Force Model
A. General Force Model

For many space missions, the solar radiation effect represents the
dominant environmental force. The solar radiation pressure acting on
a flat-surface area A induces a force F that can be written [3-5,13] in
components along the unit vectors s and n:

F=—Pm-s){(1—p)s+[o+2pm-s)n} if (n-s)>0
(%a)

F=0 if(n-s)<0 (9b)

When studying the effects of solar radiation pressure, we may
replace an arbitrary satellite body by a number of flat-surface
elements A; (i =1,2,...,), each with its own normal n;, its own
(homogeneous) material properties p; and o;, and its resulting solar
radiation force F;. The total solar radiation force on the satellite
equals the sum of the individual forces F = X, (F;), where each of
the F, is given by the force expression of Eq. (9a) with the specific
parameters for the surface A;.

B. Force in the Sun-Spin-Axis Frame

The force expression in Eq. (9a) can be reformulated in a more
opportune form:

F =—P{(1—p)f, +of, +2of,} if(m-s)>0  (10)

The vectors f,, f;, and f, refer to the absorptive, diffuse, and
specular contributions to the solar radiation force:
f,=(@m-s)s; f,=(n-s)n; f,=(-s)’n (11)
In the present model, the solar radiation force will be formulated in
components along the quasi-inertial sun-spin-axis reference frame.
Therefore, the normal n to the surface element A must be transformed
to this frame. First, the components of n are expressed in its
declination p = arcsin(n,) and right ascension v = arctan(n,/n,)
relative to the x, y, and z spacecraft axes (Fig. 3):

n = COS /L COS VX + COS [ sinvy + sin Uz 12)

The rotation of the spacecraft frame within the sun-spin-axis frame
(Fig. 2) is described by the spin-phase angle i based on the
transformation between the two frames in Eq. (8), and the
transformed normal vector becomes

n (gﬂ) = COS [L COS &XS + cos p sin gﬂyx + sin pzg (13)

n = (1, y, nz)

Surface Area A4

Fig. 3 Solar radiation pressure force on a surface element.
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The components of the sun vector in the sun-spin-axis frame can
be found from Fig. 2:

S =sinyXx, + cos Yz, (14)
The instantaneous inner product of n and s follows as
(n - s) = siny cos ;L cos Y + cos ysin i (15)

To evaluate the vectors f,, f;, and f, in Eq. (11), we use the results
from Eqgs. (13-15):

fa = (n . S)S = fax(lz})xs + faz(l/})zs = (COS ]/Sil’lp(,
+ sin y cos 1 cos Y){sin yX, + cos yz,} (16a)

£, =0 s)n = [ (DX, + Lo, (DY, + fa (D)2,
= cos p{cos y sin [t cos ¥ + sin y cos ucosztﬁ}xs
+ cos p{cos y sin p sin 1} + %sin Y COS 4 sin(21/~/)}y5
+ sin p{cos y sin p + sin y cos 4 cos ¥}z, (16b)

£, = m-s)’n = fL (DX, + £, (DY, + (D)2,
= cos p{cos?ysin®u cos ¥ + 1sin(2y) sin(2p) cos?y
+ sin?ycos? L cos*YIx, + cos pu{cos?ysin’u sin ¥
+ Lsin(2y) sin(2p) sin(2y) + sin’ycos?yu sin Yreos’ by,
+ sin p{cos?ysin?j + 4 sin(2y) sin(2/4) cos v
+ sin?y cos?pcos? P}z, (16¢)

The functions [, (¥), fa(¥), and f,(¥), with k=x, y, z, are
defined by the detailed expressions on the right-hand sides of
Eq. (16). They are periodic functions of g; and can be expressed in the
form of a Poisson series:

fa) = + clycos(y)  (k=x.2) (17a)

2
@) =+ {elhcostmi) + spsin(mi)| (k=x,7.2)
m=1

(17b)

3
Fal@) =+ fecos(m) + st sin(mip)| (k=1x.y.2)
m=1
(17¢)

It follows that the average value of f (1}) over the full spin period
equals 62 «» and similar results hold for the other functions. In general,
however, the solar radiation force acts only over a part of the spin
revolution: namely, when (n - s) > 0 [Eqgs. (9) and (10)]. Therefore,
the calculation of the average values of the functions in Eq. (17) may
not be straightforward in practice.

C. Analysis of Condition (n -s) > 0

In the special case when the sun vector is directed along the spin
axis (i.e., when the solar aspect angle y is either 0 or 180 deg),
Eq. (15) shows that (n-s) = =£sinu remains constant. The
condition (n -s) > 0 is satisfied throughout the spin period if pu is
positive (negative) when y =0 (180 deg). Another special case
occurs when p reaches its extremes of £90 deg, which represent a
spacecraft top/bottom surface normal to the spin axis. In this case,
Eq. (15) produces (n - s) = % cos y, which again remains constant.
The condition (n-s) > 0 is satisfied throughout the spin period
provided that the sun angle y lies in the first/second quadrant,
respectively. Figure 4 provides a visualization of these two special
cases that represent the borders of the geometrically relevant domain
within the y—u plane.

90
FULL
PERIOD NONE
Full (-90°, 909) 0
n
deg
n=y y=n/2 p=m-y
0 :LL:() (900,900 — u=07
n=-y T=n/2 H=y-7
0 (-90°,90%  Full
NONE FULL
PERIOD
-90
0 90 180
y deg

Fig. 4 Regions in the y—u plane with intervals in which (n - s) > 0.

In general, the condition (n - s) > 0 can be formulated as
cosy > —g (18)

where g = tan p/ tan y [see Eq. (15)]. This condition is satisfied over
the interval || < arccos(—g), which is meaningful as long as
|g| < 1. The special case & = 0 represents a surface element parallel
to the spin axis. In this case, we have g = 0 and the condition in
Eq. (18) is satisfied over the interval || <90 deg for any value of
the sun angle. The same result |1/~/| <90 deg is obtained when
y =90 deg, regardless of the value of the angle p. Another
interesting special case is & = y, when g equals 1. This characterizes
the boundary between (n - s) > 0 throughout the full spin revolution
and (n -s) > 0 during only part of the spin period. In this case,
Eq. (18) gives cos 1/~/ = —1 and the sun shines on the surface area
throughout the spin period, except at & = 180 deg when the solar
radiation is parallel to the surface area (Figs. 2 and 3). When y lies in
the first quadrant and @ > y, we find g > 1 and the condition of
Eq. (18) is satisfied for any ¥ and the surface is sunlit throughout the
spin period. The same is true when y lies in the second quadrant and
<y —180 deg. In the cases 4 = —y and p = 180 deg—y, we
find g equals —1 and (n-s) <O throughout the spin revolution,
except at y = 0 when (n - s) = 0. Other cases within the y—u plane
can readily be interpreted with the help of Fig. 4.

In practical applications, the spacecraft consists of a number of
surface elements A; with individual normals n; = (n;,, n;,, n;.)7
within the spacecraft frame. Each of these elements has its own f ;,
f,;, and f; defined by Eq. (11), with n; instead of n, and its own
functions f;, ; (1/~/), Sryi (I/N/), and f;, ; (I/N/), withk = a, d, s, as defined
in Eq. (16). Obviously, the condition (n; - s) > 0 of Eq. (10) must be
evaluated for each of the surface elements individually. For a box-
shaped spacecraft with four identical side-surface elements, the
interval during the spin revolution when (n; - s) > 0 differs for each
of these surfaces. It can be shown by geometrical arguments that the
effective solar radiation force (after averaging over a spin period) will
be identical for these four surface elements.

IV. Solar Radiation Torque Model
A. Calculation of Torque Components
The force F induced by solar radiation pressure on an arbitrary
spacecraft element A acts at the center of pressure ¢, of A (Fig. 3).
Because the reflecting properties of the surface element A are
assumed to be homogeneous, the point ¢, coincides with the
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geometrical center of A. The distance of ¢, from the spacecraft center
of mass c,, is denoted by the vector r and is known as the center-of-
pressure offset. Obviously, r represents the lever arm of the solar
radiation torque T = r x F with respect to the spacecraft center of
mass c,,.

The lever arm r has components (7., r,, r,)T within the spacecraft
frame and can be expressed in terms of its right ascension and
declination angles 7 and x (Fig. 3):

I = 7rCcos XCOSTX + rcos xsinty + rsin Xz 19)

We transform the instantaneous lever arm r to the sun-spin-axis
frame (Fig. 2) in the same way as was done for the normal n to the
surface element in Eqs. (12) and (13):

r (1/}) = rCOS X COS @Xx + rcos x sin @yx + rsin Xz (20)

The torque vector T must now be evaluated in its components in
the sun-spin-axis reference frame. The cross products of Egs. (16)
and (20) are needed for building the torque vector of an individual
surface area.

t, =r(V) x £,(¥) = rf,.(¥) cos ysin Yx, + r{f,.(¥)sin
— faz () cOs Y cOS Yby, — r'f o (V) cOs xsin Yz, (la)

ty = () x £,(9) = r{f,. () cos x sinyr — fo, (V) sin x}x,
+ r{fu (W) sin x — f,.() cos x cos Yy,
+ rcos x{fay (V) cos ¥ — fu () sin )z, (21b)

t, = () x £,() = r{f..(¥) cos x sinyr — f,, () sin x}x,
+ r{f () sin x — f,.(V) cos x cos ¥y,
+ rcos X{fs;(l/}) cos 1/} - fsx(ll;) sin I}}Z.Y (ZIC)

B. Total Average Force and Torque Expressions

The resulting total torque acting on the spacecraft is given by the
sum of all individual solar radiation torques produced by the forces
F; on the corresponding elements A;:

T = 3Z{T;} = Zi{r; x F;} (22)

The generic form of the force given in Eq. (10) must be evaluated for
each surface element A;. The cross product of the lever arm r; (of the
elements A;) and the solar radiation forces F; in Eq. (21) need to be
calculated for each surface element individually before they are
summed. The total average solar radiation torque over a spacecraft
spin revolution equals the sum of the averaged contributions from all
relevant surface elements A;. This procedure leads to the effective
torque in components along the quasi-inertial sun-spin-axis frame.

Each of the surface elements has its own normal n; that determines
the individual spin-angle range || < arccos(—g;) with g; =
tan u;/ tany [Eq. (18)], during which the condition (n, -s) > 0 is
satisfied. Thus, the total average solar radiation force and torque can
be written as

1 ~ ~
W =53 [ Ea @30

1 . ~
=5 [ G e

The notation (. . .) designates the averaging operation that is shown in
explicit formin Eq. (23). In general, itis not allowed to take r; outside
the integral, because both r; and F; are periodic functions of the spin-
phase angle 1/~/l» within the sun-spin-axis frame.

The total average solar radiation force and torque expressions of
Eq. (23) can be reduced using Eq. (10):

(F) = =P} {(1=p)(E) +o(fa) +20(6:))  (242)
(T) =P {(1 = p)(ta) +olta) +20(t)}  (24b)

The calculation of the average solar radiation force over the relevant
part of the spin revolution involves the evaluation of the integrals
over the force expression defined in Eq. (11):

1 ~ ~
W) =toem =5 [ iay s

1 ~ ~
) ={osmy =5 [ raodi es)

) =(msrn) =5 [ t@oad, eso
Y (n;-s)>0
The integrands were defined in Eq. (16) and must be evaluated for
each surface element A; individually.
The calculation of the average solar radiation torque involves the
following integrals:

() = (-9 =50 [ ) < @0t

(262)

(tg;) = {(m;-s)(r; xn;)) = él o O{ri(l&[) X fdi(l&;)}d‘ﬁ;

(26b)

() = (-7 xcmg) = [ i) <803,

(26¢)

The integrands of Eq. (26) are defined in Eq. (21) and need to be
evaluated for each individual surface element. These results are valid
for arbitrary spacecraft configurations and will be illustrated for a few
special cases next.

V. Examples of Averaged Forces and Torques
A. Surface Element Normal to the Spin Axis

The most straightforward illustration of the preceding model is
provided by a surface area A that is oriented normal to the spin axis
(e.g., aspacecraft top surface or a flat solar sail with an arbitrary offset
between its center of pressure and the satellite’s center of mass). To
evaluate the effects of small deviations in the nominal orientation of
the surface area, we take the normal n to the surface area to be slightly
misaligned from its ideal direction (i.e., u = /2 —¢) with an
arbitrary phase angle v. The expression for the normal vector n to the
single surface element A follows from Eq. (13):

n(y) =z, +ecosYx, +esinyy, + O(e?)  (27)

The first-order approximation of the inner product (n - s) in Eq. (15)
is

{n(tﬁ) -8} =cosy + esinycos 1} + O(&?) (28)

When substituting @ = /2 — ¢ into Eq. (18), we find that the
condition (n - s) > 0 or cos IZ > —g will be satisfied for any value of
1?/, based on the fact that g &~ 1/(etany) > 1. An exception occurs
when y > /2 — e. This implies that the sun would be closer to the
surface element than the value of the misalignment angle &, which we
exclude here.

After performing the averaging operation over the spin period, the
¢ term on the right-hand side of Eq. (28) vanishes and the leading
term leads to a constant contribution:
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i) -sh =5 [ m)-sidi =cosy+ 06 @9)

The force terms of Eq. (16) can be simplified by substituting
n=m/2—e¢:
fur =sinycosy + esin®y cos ¥ + O(2); fay=0

2 Lo o 7 2 (302)
faz = cos’y + 3esin(2y) cos ¥ + O(&?)

fa =cecosycosy + O(e2); fay =€cos ysiny + O(g2)

fa. =cosy + esinycosy + O(e?) (30b)

fo = ecostycos ¥ + O(2); fsy = €cos?ysin ¥+ O(e2)
fy = cos?y + esin(2y) cos ¥ + O(e2) (30c)

After averaging these expressions over the spin period, we find:

(f,) =sinycos yx, + cos’yz, + O(&?) (3la)
(fs) = cos yz, + O(e) (31b)
(£,) = cos’yz, + O(¢?) (3lc)

Finally, after averaging the solar radiation force over a full spin
revolution, we find that the resulting averaged force vector lies within

the sun-spin-axis plane:
(F) =—Pcosy{[(1 - p)siny]x, +[(1 + p)cosy + o]z} + O(e)
(32)

This result shows that small errors in the orientation of the surface
elements have a negligible second-order effect on the resulting
average solar radiation force.

The cross products that appear in the integrands of the torque
expressions of Eq. (26) were given in explicit forms in Eq. (21).
After substituting it = /2 — ¢ and averaging over the spin period,
we find

(t,) = Lrsin xsin(2y)y, + ser cos x sin y{cos y sin(t — v)x
— cos ycos(t — v)y, — sin ysin(t — v)z,} + O(e?) (33a)

(ty) = gercos yx{sin y sin(t — v)X, — sin y cos(t — )y,

—2cos ysin(t — v)z,} + O(?) (33b)

(t;) = ercos x cos y{sin y sin(t — v)x, — sin y cos(t — v)y,

—cos ysin(t — v)z,} + O(&?) (33¢)

These results indicate that the misalignment angle ¢ may, in general,
cause windmill-type torque effects about the z, and x; axes.
However, in the special case when 7 = v, the normal n to the surface
element and the torque lever arm r lie in the same plane (Fig. 3) and
we obtain the simplified torque expressions (up to first-order &
terms):

(t,) ~ irsin xsin(2y)y, — er cos x sin(2y)y, (34a)
(tg) ~ —Jercos xsinyy, (34b)
(t,) ~ —fercos x sin(2y)y, (34c)

The contribution of the constant z, force component in Eq. (31) has
no effect, because the circulating in-plane component of the lever
arm vanishes after averaging. The resulting torque vector in
Eq. (24b) will be directed along the y, axis (i.e., normal to the sun-
spin-axis plane). Its leading term originates from the absorptive force

component along the x, axis:
(T) ~ —iP(1 — p)rsin x sin(2y)y, (35)

It can be seen that the leading term of (T) in Eq. (35) equals
(r) x (F), with (r) = rsin xz, from Eq. (20) and (F) in Eq. (32).
When the center-of-pressure offset lies within the spacecraft x—y
plane (i.e., x = 0), the leading term of the average torque vanishes
(in the present example) due to the circulating lever arm. However,
all of the first-order contributions listed in Eq. (34) would remain. On
the other hand, when the center-of-pressure offset is along the spin
axis (i.e., x =90 deg), a nonzero leading-term torque will be
generated (unless the solar aspect angle y is 0 or 90 deg). This torque
would affect the long-term evolution of the spacecraft spin-axis
orientation.

B. Surface Element Parallel to the Spin Axis

The second special case represents a surface element A oriented
parallel to the spin axis (for instance, a side panel of a spinning
spacecraft). In this case, the declination angle . of the normal vector
n is nominally zero. To also assess the effect of a small error in the
alignment of the surface (or in the spin-axis orientation), we take
1 = e. When including only first-order ¢ terms, the expression for
the normal vector n from Eq. (13) takes the form

n () = cos yx, +sin Yy, + ez, + O(¢) (36)
Equation (15) now becomes
n (V) -s =sinycos ¥ + ecosy + O(2) 37)

The solutions of the equation n(¥)-s=0 are ¥, ~ —m/2 —
¢/tany and V, ~ /2 +¢/tany in first-order approximation.
Furthermore, it can be seen that n(lﬁ) - § is positive over the interval
from 12/1 to 1/;2 for any solar aspect angle y away from the spin axis,

and so the first-order approximation of the average value of n(IZ) .S
over the relevant interval is

(@) -s}) = / In(§)-s}df ~ (1/m)siny + 3ecosy
(38)

The force terms of Eq. (16) can be simplified when substituting
1 = €. Their first-order approximations are

fax 7 sin’y cos ¥ + Lesin(2y); Say 0
Y . v Y (39)
faz = 55in(2y) cos ¥ + ecosy

A sin y cos2¥ + £cos y cos ¥
dx y J/

fa. ~ esinycos 1/~/
(39b)

fay = %Sin y sin(21/~/) + ecos ysin 1/~/;
fox A sin?y cos* ¥ + & sin(2y)cos?y
fsy A sin?y siny cos?y + e sin(2y) sin(2y) (39¢)
fi. & esin?ycos?y

The time-varying geometry of the surface element relative to the sun
causes the leading terms to be functions of I/N/ in the present case. After
performing the averaging operation on these expressions over the
interval from wl to ¥r,, we find the first-order results:

(£,) ~ {(1/m)siny + Le cos y}{sin yx, + cos yz} (40a)
f,) ~ isinyx, + (¢/m){3cos yx, + sinyz, (40b)
2

(£,) ~ 2/(Bm)sin’yx, + ie siny{2cos yx; +sinyz,}  (40c)
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We find the following final expression for the force (including the
first-order misalignment terms):

(F) ~ —(P/m)siny{[(1 + p/3) siny + o /4]x,
(1 = p)cos yla,} — lePieos Y{(1 + p) siny + 30/7lx,
+ [0+ (1 = 2p)cos’y + (o/7) sin ylz,} C3))

This result shows that the leading and first-order misalignment terms
of the average solar radiation force are acting within the sun-spin-
axis plane.

When substituting the force terms of Eq. (39) and averaging the
expressions of Eq. (21), as illustrated in Eq. (26), we find the
following results for the leading torque terms:

(t,) =~ 4rsin y{—cos y cos x sin(v — 7)x;

+ [(4/7) sin x sin y — cos x cos y cos(v — 1)]y,

+ cos y sin y sin(v — 1)z} (42a)
(ty) ~ trsin y{sin xy, + (4/7) cos x sin(v — 1)z} (42b)
(t,) ~ 2/(3m)rsin’y{sin xy, + icos xsin(v — 1)z} (42c¢)

The simplifying assumption that the orientation of the normal
vector of the surface element and the lever-arm vector lie in the same
plane will now also be adopted in the present example. Therefore, the
normal and the lever arm will have the same spin-phase angle and the
angles v and t become equal. The leading term of the averaged torque
takes now the form

(T) ~ —(P/m)rsiny{sin x[(1 + p/3) siny + 7o /4]
— (/4)(1 = p) cos x cos y}y, 43)

When comparing the results of Egs. (41) and (43), we find that the
leading torque term (T) # (r) x (F) in this case.

For completeness, we also provide the first-order averaged-torque
terms for the special case when v and 7 are equal:

<tn)firsl order = %87' Cos V{Sin X sin Y- (3/77) COS X COs y}yr (443)

(ta)frstonder = 767{(6/70) sin y cos y — cos ysinyly,  (44b)

(ts)ﬁrst order ~ %8}’ sin ]/{Sil’l XCOSy — 4/ (37[) Cos X sin y}yv (44C)

As in the previous example, the resulting averaged-torque points in
the direction normal to the sun-spin-axis plane.

C. Generic Force and Torque Expressions

The force and torque results established for the two preceding
special cases are useful for evaluating the solar radiation effects on
arbitrary spacecraft configurations. This is done by identifying the
relevant surface areas with their specific material properties and
simply adding the individual averaged contributions. For instance,
when studying a spacecraft of rectangular shape with four side
surfaces with identical material properties, the contributions of each
surface will be equal (after averaging over a spin period), and so the
force and torque results in Egs. (32), (35), (41), and (43) need only to
be multiplied by a factor of 4.

The torque results for the two examples presented may be written
in the generic form:
(F) = —P{fix; + fozs}; () = —Prigysin x — g cos X}y,
(45)

The lever arm r represents the offset of the center of pressure with
respect to the center of mass and has components r, = r sin x along
the spin axis and r, = rcos x within the plane normal to the spin
axis. The force and torque terms f,, f,, g;, and g, contain the
material parameters of the spacecraft surfaces, but they also depend
on the solar aspect angle, as summarized in Table 1. Although the g,
torque terms in the two cases of Table 1 are identical to the associated
[, of the force expression, this correspondence may not be true in
general.

A final assumption may be introduced to simplify the torque
expression. When the satellite surfaces are assumed to be essentially
specularly reflecting (i.e., p~ 1 and ¢ & 0), the only remaining
torque term is produced by the side surfaces (Table 1):

(T) = —Prg, sin xy, = —4Pr_sin’*y/(3m)y, (46)

The sign of (T) is determined by the sign of the center-of-pressure
offset along the spin axis (i.e., ).

VI. Long-Term Evolution of Spin-Axis Pointing
A. Precession of Angular Momentum

The effect of the average torque on the attitude motion follows
from Newton’s second law for rotating rigid bodies, and so the torque
vector equals the rate of change of the angular momentum vector.
Because the SRP torque is relatively small, the change in the angular
momentum vector over a spin period may be considered
infinitesimal. It was found in Eqs. (45) and (46) that the average
SRP torque acts in a direction perpendicular to the instantaneous
angular momentum vector H so that only the direction of H will be
affected. The infinitesimal change AH in the angular momentum
vector over the spin period Az can be written as follows [14]:

T = dH/dt - AH ~ (T)At @7)

The change AH is normal to the vector H and points along the vector
(T), which acts in the —y, direction of the quasi-inertial sun-spin-
axis frame [when assuming r, > 0 in Eq. (46)]. The angle A¢} over
which the angular momentum vector moves during one spin period
can be calculated as follows (Wertz [15], Eq. 19.61):

AV ~ |AH|/|H| = TAt/(I.w) [rad] (48)

The quasi-inertial (x;, y;, z,) reference frame in Fig. 2 is defined by
the instantaneous directions of the spacecraft spin axis and the sun
vector. This frame is subject to a gradual drift under the combined
motion of the sun vector s and the precession w induced by the SRP
torque. To be able to apply Newton’s law, this frame must be
redefined after every spin period and be considered constant during
the spin revolution.

The direction of the torque precession w is normal to the
instantaneous H and the (T) vectors. For r, > 0, the torque points
along the negative y, axis and the vector w will be along the positive
x, axis. The precession magnitude follows from Eq. (48):

(T)=wxH—>w=|w~ AV/At=T/(l,w) [rad/s] (49)

Table 1 Leading terms of the force and torque results

Surface element normal to the spin axis

Force components
Torque components

fi=(1—p)sinycosy
g1 =(1—p)sinycosy

fr=cosy[(1+ p)cosy + 0]
& =0

Surface element parallel to the spin axis

Force components
Torque components

Sir=siny{(1 + p/3)(siny)/m + 0/4]
g1 =siny[(1 + p/3)(siny)/m + 0 /4]

fr= (1= p)lsinycosyl/m
g =j;(1—p)sinycosy
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The orientation of the satellite spin axis itself is affected by the
change in the angular momentum vector in a complicated manner. It
is well known that for a spacecraft spinning about its axis of
maximum moment of inertia, the spin axis tends to align itself with
the direction of the angular momentum vector, which corresponds to
the minimum-energy state. However, for a spacecraft that spins
about its minimum axis of inertia, an active nutation damping device
must be employed. Nutational effects amount to no more than minor
deviations from the long-term trend presented here and may be
ignored in the present analysis.

B. Model for Spin-Axis Motion

The long-term evolution of the spacecraft spin axis z(¢) under the
precession rate w(#) induced by the SRP torque follows the motion of
the angular momentum vector and can be described by

z(t) =wx z = w{x, X z} (50)

The vector z points in the direction of T = (T), which is along —y,
for r, > 0. When using the definition of the x; axis in Eq. (4), itis easy
to eliminate the x, vector in Eq. (50) in favor of the sun vector:

z(1) = w{s x z}/siny (€3]
When substituting the results of Egs. (46), (49), and (51), we obtain
z(t) = Qsiny{s x z} (52)

where Q = 4Pr_/(3nl w) [rad/s].

C. Approximate Solution

To construct an approximate solution of Eq. (52), we assume that
the long-term variations in the spacecraft attitude remain small (say,
less than 5 deg) so that the z vector in the right-hand side of Eq. (52)
may be replaced by its initial value z, = z(¢ = 0). Furthermore, the
variations in the solar aspect angle will also be assumed to remain
small. In practical applications, the most accurate results are obtained
when taking the averaged (over the full year) solar aspect angle value
Yavg OVer the year (on the basis of the vector ), rather than the initial
sun angle y,. The sun vector s in Eq. (52) is now replaced by its
inertial components as a function of the sun’s longitude A, (d) =
wo(d —d,) given in Eq. (2):

21(d) & Q'8in Yy,e {230 COS €5 — 229 SN € } 8iN A (d) (53a)
2(d) & Q'sin Yyelzio Sin eg sin Ao (d) — 230 c0s A (d)}  (53b)

73(d) & Q'8in Ve {220 COs A (d) — 219 cOs € sind o (d)}  (53¢)

The independent variable is expressed in days d relative to the vernal
equinox. We evaluate the integrals with the help of Egs. (2) and (3):

/d coshg(s)ds = S(d, dy)/wg (54a)

dy

where S(d, dy) = sin Ao (d) — sin Ao (dy).

/ *in Ao (s)ds = —C(d, dy) /g (54b)

dy

where C(d, dy) = cos Ay (d) — cos Ay (dp).
The solutions of Eq. (53) are now

21(d, do) & 219 + W(zp Sineg — 230 08 £5)C(d, dp) ~ (552)
2(d, dy) = 20 — Wzygsineo C(d, dy) — Wz30S(d, dy)  (55b)

z3(d, do) = 730 + Wz50S(d, dy) + Wzgcos e C(d, dy)  (55¢)

The nondimensional parameter W equals Q sin y,,./®ws and is a
relatively small quantity of the order of magnitude of 1072,

D. Spin Axis Normal to the Ecliptic

In the special case when the initial spin axis is pointing close to
normal to the ecliptic plane, we have sin y;, ~ 1 and, when assuming
that the attitude excursions remain small, also sin y,,. ~ 1 and thus
W~ Q/wy. When analyzing this case, it is most convenient to
employ &, n, and £, describing the components of the attitude vector z
within the ecliptic reference frame:

& 1 0 0 Z
n|=|0 cose, singg ( 2 ) (56)
0

¢ —singy coség 23

The initial spin vector that is normal to the ecliptic is defined by
& =1y =0 and {, = £1. When considering ¢, = 1, the vector
corresponds to zy = (0, —sin g, cos e,)7 in the equatorial inertial
frame [see also Eq. (7)]. After applying the transformation in
Eq. (56), we find for the results of Eq. (55):

&(d, dy) = —W{cos Ay (d) — cos Ay (dy)} (57a)
n(d, dy) ~ —W{sin A, (d) —sin Ay (dy)} (57b)
t(d, dy) ~ 1 (57¢)

The evolution of the spin-axis vector can be interpreted as the
periodic circular motion of the projected z vector in the ecliptic plane
as follows:

{E(d) — Weol? + {n(d) — Wso}? =~ W? (38)

with ¢( and s, denoting the cosine and sine of A (d,), respectively.

For illustration, we take the starting date at the vernal equinox
(dy =d,) so that ¢, =1 and sy =0, according to Eq. (3). The
projected attitude vector describes a circle with its center on the £ axis
atthe point £, = W and n, = 0. The spin-axis attitude excursion will
reach its maximum value &, after half a year with

gmax = 25(‘ ~ 2W = 2Q/a)@ (59)

For different starting dates, it can easily be shown that the same
maximum attitude excursion will be reached after a half-year interval
as well.

VII. Practical Applications of Model
A. Maximum Spin-Axis Excursion

The application of the preceding model for the long-term attitude
motion is illustrated for a satellite with its spin axis oriented close to
the ecliptic pole direction. The CONTOUR deep space probe was
designed to be left unattended during a number of hibernation
periods with durations of up to 10 months [12]. Because of system-
level design and operational considerations, it was attractive to have
the spin axis pointing in a direction close to the ecliptic pole. This
attitude orientation leads to relatively small variations in the
spacecraft power and thermal conditions. It is crucial to have a good
understanding of the maximum possible reach of the resulting
attitude motion during the hibernation phases. The relevant design
parameters of the CONTOUR spacecraft are listed in the second
column of Table 2. The solar aspect angle y is always close to 90 deg
for an attitude-pointing orientation in the neighborhood of the
ecliptic pole. On the basis of this condition, the general results of
Table 1 indicate that the force and torque effects generated by the top
and bottom surfaces may be neglected.

The adopted satellite configuration is approximately cylindrical
with height 2 =1.75 m and radius r.,; = 0.9 m, and so the total
cylindrical surface area is close to 10 m?. The worst-case center-of-
pressure offset along the spin axis is expected to be r, ~ 5 cm.
Because the objective is to arrive at a worst-case estimate for the
attitude drift, conservative values are taken for the surface reflectivity
parameter (p ~ 1), for the spin rate (15 rpm), for the spin moment of
inertia (285 kg/m?), and for the distance from the sun (1 AU).
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Table 2 Overview of spacecraft parameters

Parameters CONTOUR Minisatellite

y ~90 deg ~90 deg

h 1.75 m 0.8 m

A 27 x 1.75 x 0.9 m? 4% (0.8 x 1.1 m?)
r, 0.05m 0.03 m

P ~1 ~1

I, 285 kg/m? 70 kg/m?

® 15 rpm 10 rpm

Emax 1.23 deg 1.60 deg

Although the torque model presented in the previous sections was
established for a regular flat-surface element, it can readily be
adapted to a cylindrical surface by considering N flat surfaces, each
with a surface area of hr., Ag with Ap =2x/N (with N a large
integer). When the cylinder has nearly homogeneous material
properties, all of the N elements will have identical contributions to
the resulting SRP torque. The total torque on the spacecraft is then
found by summing the contributions of all N surface elements.
Therefore, the total torque on a homogeneous cylindrical surface will
be identical to that of a flat surface, with the same material properties
and representative area A = N (hrq, Ap) = 2rwhr.y,. After substitut-
ing the relevant input parameters into the torque expression of
Eq. (46), we find the following useful result for the maximum attitude
excursion from Eq. (52):

‘i:max = 2'Q/wO ~ 8pArz/(37rlzww®) [rad] (60)

The resulting maximum attitude-drift excursion for CONTOUR on
the basis of the model of Eq. (60) and the inputs listed in Table 2
amounts to &,,,, = 1.23 deg (see the last row of Table 2). This result
indicates that the attitude drift induced by the solar radiation torque
will stay well within acceptable limits throughout the hibernation
periods.

An additional example is considered in the last column of Table 2:
namely, a box-shaped minisatellite with relatively small dimensions.
Most of the remaining inputs are taken identical to the conservative
parameters adopted in the first example. The resulting maximum
pointing excursion predicted by Eq. (60) is 1.60 deg. This indicates
that the resulting attitude drift is not very sensitive to the specific
satellite configuration parameters.

B. Long-Term Attitude Motion

Figure 5 shows the long-term evolution of the spacecraft spin axis
over a full year, with the initial spin-axis orientation along the ecliptic
north pole based on the CONTOUR inputs of Table 2. The analytical
results are generated by MATLAB simulations using the ecliptic
long-term model in Eq. (57). The results of the analytical model are
virtually identical to those obtained from a numerical integration
using MATLAB.

The figure shows the traces of the projected attitude vector in the
plane normal to the ecliptic north pole. Two cases are shown, the first
one starting at the vernal equinox and the second one starting at the
summer solstice when the sun is 90 deg further ahead. The resulting
spin-axis motion projected on the ecliptic plane is essentially circular
with a period of 1 yr. The maximum spin-axis excursion (relative to
the starting attitude) is about 1.23 deg and is reached after half a year.
When considering different starting dates, the inertial direction of the
spin-axis motion changes in accordance with the initial sun position
within the ecliptic plane, but the maximum excursion is the same.
The spin-axis motion starts out in an inertial direction that is 90 deg
behind the initial sun position.

The case shown in Fig. 5 is unique because of the initial attitude
pointing along the ecliptic north pole. This implies that the initial
solar aspect angle y, =90 deg. In the absence of any attitude
disturbance and control torques, the solar aspect angle would stay at
90 deg throughout the year [within the approximations of the adopted
sun motion model of Eq. (2)]. Because the attitude variations induced
by the SRP torques are relatively small, the average solar aspect angle
Yave does not deviate far from 90 deg. In fact, the maximum change in
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Fig. 5 Inertial motion of the spin axis with an initial attitude normal to
the ecliptic.

solar aspect angle is equal to the maximum attitude excursion of
1.23 deg. Therefore, the approximate analytical results are extremely
close (i.e., within 10~ rad) to those of the exact numerical
simulations over a period of about four years.

C. Spin Axis Normal to the Earth’s Equator

We now consider the situation when the initial spin-axis
orientation points along the Earth’s equatorial north pole. Analytical
results are generated by means of MATLAB simulations based on
the general long-term model presented in Eq. (55). The accuracy of
the analytical model is evaluated by means of a comparison with
results from a numerical integration, as illustrated in Fig. 6.

Because of the effect of the ecliptic obliquity [Eqs. (2) and (3)], the
initial solar aspect angle y, now takes different values within the
range of 66.56 to 113.44 deg, depending on the starting date. If the
attitude were to stay fixed, the average solar aspect angle y,,. over the
year would still be 90 deg [within the approximations of the adopted
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Fig. 6 Inertial motion of the spin axis with an initial attitude normal to
the equator.



VAN DER HA AND LAPPAS 1479

sun motion model of Eq. (2)]. This result is due to the fact that the
average value of the dot product ((z - s)) vanishes over a year, as can
be seen from Egs. (2) and (3). It may be noted that the preceding
statements are true for any fixed-attitude orientation. Because the
attitude drift remains small, the average solar aspect angle will stay
close to 90 deg, as in the previous case. On the other hand, however,
the variations of the actual solar aspect angle about its average V..
value now have a relatively large amplitude of 23.44 deg and lead to
the gradual divergence between the analytical and the numerical
results over a time period of 1500 days, as illustrated in Fig. 6.

The maximum attitude excursion depends on the starting date (i.e.,
about 0.0189 rad or 1.08 deg for the vernal and autumnal equinoxes
and 0.0206 rad or 1.18 deg for the two solstices). The difference is
caused by the fact that the average SRP torque has a different
magnitude over the first half-year interval for the two cases. The
average solar aspect angle over the first half-year is 75.9 and
105.2 deg for the vernal and autumnal equinoxes and 90.6 and
90.5 deg for the summer and winter solstices, respectively. This fact
also accounts for the elliptical shape of the resulting attitude motion,
in contrast to the circular track in the previous case shown in Fig. 5.

Finally, it may be pointed out that for initial attitude orientations
that are further away from the ecliptic pole than the equatorial case in
Fig. 6, the variations in the solar aspect angle will be even larger and
the long-term attitude tracks have a more elongated shape. In any
case, the average sun angle will be 90 deg (for the sun motion model
assumed here). The validity of the analytical model presented here
will degrade during those periods when the deviation of the sun angle
from its average value is relatively large.

VIII. Conclusions

A compact analytical model was established for predicting the
long-term spin-axis attitude drift of a spin-stabilized spacecraft in the
presence of solar radiation disturbance torques. A few illustrative
practical examples with relevance to the attitude-pointing concept
during hibernation periods were presented. The results demonstrate
the periodic nature of the long-term spin-axis drift, which typically
stays within acceptable excursion limits of 1 to 2 deg. The model can
be used as a practical tool for better understanding of attitude motion
and for designing attitude control concepts for future spacecraft and
interplanetary probes. The results may also be useful for specific
spacecraft design purposes (e.g., for predicting propellant needs for
correction maneuvers based on specified spin-axis-pointing
requirements).
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