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The recovery from a flat-spin motion represents one of the most impressive practical
applications in the field of spinning-satellite dynamics. The present paper presents flat-
spin recovery maneuvers by means of a body-fixed torque within the plane perpendicular
to the maximum principal axis of inertia. The conditions for a successful recovery are
established. These are quite different from those obtained in the case when the torque is
along the minimum axis of inertia where a minimum torque level is required for a
successful recovery. If the torque component along the intermediate axis is negative, a
recovery from a pure flat spin can be established for any torque magnitude. However, the
time to recovery increases indefinitely when this torque component approaches zero.
During the recovery maneuver, the angular velocity and angular momentum vectors
become aligned with the minimum axis of inertia by turning over about 90° in the body
frame. In inertial space, however, the angular momentum stays in the vicinity of its
orientation before the start of the recovery.
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1. Introduction

The problem of flat-spin recovery made its appearance
when spinning satellites had to perform orbit injection
maneuvers into their final mission orbit or trajectory after
having been launched in a transfer or parking orbit.
Therefore, spacecraft were equipped with a rocket motor
and in most cases the spacecraft-motor configuration
became prolate. Hence, it was spinning about the mini-
mum axis of inertia. In the presence of dissipation (e.g.,
fuel slosh, vibrations) and in the absence of an active
stabilization mechanism, the spacecraft would reorient
itself and end up spinning about its maximum axis of
inertia as illustrated in Fig. 1. We call this state ‘pure flat
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spin’ or ‘flat spin’ depending on the presence of nutation
about the maximum axis. The re-establishment of a spin
about the minimum axis is called ‘flat-spin recovery’.

One of the first papers about flat-spin recovery is by
Barba et al. [1] (1973) and focuses on the SMS meteor-
ological satellite. In the first part, a recovery procedure
using a pure spin-up torque about the minimum axis is
analyzed. For an asymmetric satellite they find that the
torque must exceed a critical value to make the recovery
possible. However, their derivation of the critical value
uses the assumption of a symmetrical satellite. As a
consequence, their critical value is unfortunately too low
for an asymmetric satellite. Also they develop a recovery
procedure using the available thrusters on SMS. The
analysis is done by numerical simulations and illustrates
very well the practical implementation of a recovery.

The model they use is a special case of the mathematical
problem known as the self-excited rigid body (SERB) [2-5].
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Fig. 1. Visualization of possible flat-spin attitude sequences.

This field of research deals with the dynamics of a spinning
body subject to a torque with constant components in the
body's coordinate frame. Progress in mathematical methods
in this field can be useful for the design of efficient recovery
procedures and other satellite dynamics applications as
shown more recently by Longuski and Tsiotras [6].

Cronin (1978) [7] derives the correct value for the
critical torque about the minimum axis of inertia of an
asymmetric body for initial conditions of a pure flat-spin.
Livheh and Wie [8,9] find the same result in modern
terminology together with a complete discussion of tor-
ques on any of the principal axes.

As illustrated in Fig. 1, a transition into a flat spin may
result in a positive or negative spin about the major axis of
inertia. Rahn and Barba [10] show how the desired orienta-
tion of a spacecraft entering into a flat-spin can be achieved
by two thruster impulses.

Recovery procedures based on a torque motor, as opposed
to thrusters, have also been investigated [11,12]. In these cases,
the SERB model is replaced by the dual-spin dynamical model.

In a previous paper [13] we present analytical results
for the flat-spin recovery under a body-fixed torque
pointing along the minor principal axis for arbitrary initial
nutation conditions. We derive a solution in the form of a
generalized pendulum equation for the increasing angular
velocity along the torque axis in the body frame. Thus, the
motion is similar to that of a pendulum which is either
oscillating (no recovery) or revolving (recovery) with
increasing angular velocity. The minimum torque level
that guarantees a flat-spin recovery occurs precisely at
the transition between these two cases. Also we found that
the minimum required torque level for a recovery depends
on the nutation phase angle. Approximate analytical
results show the motion in inertial coordinates.

The pendulum-type solution follows from the existence
of two first integrals. The first integration constant states
that the amplitude of the rotational motion in the plane
perpendicular to the torque remains constant. Ref. [13]

presents explicit results for the decrease in the nutation
angle after the recovery.

In this paper, we consider bodies with three different
moments of inertia subjected to a more general torque
acting within the plane normal the maximum inertia axis.
In this case, only one first integral is available and no
pendulum-like solution can be constructed. Thus, we
study here only recovery strategies that start from a pure
flat-spin situation, i.e. in the absence of nutation.

In the present case, the transition to the flat-spin
recovery does not need to happen in the first revolution
as was the case for a torque about the minimum-inertia
axis in Ref. [13]. When the torque component on the
intermediate axis is negative, the angular velocity along
the major axis shows a secular decrease and the transition
to a rotation about the minimum inertia axis will occur
eventually. For a given torque magnitude, we can establish
the optimum orientation of the torque that minimizes the
time until the transition.

2. Dynamical equations of motion

The motion of an asymmetric rigid body under a
constant body-fixed torque is described by the Euler
equations [14]:

Aw1 +(C-B)awrw3 =T (1a)
By —(C-A)wiws =T (1b)
Caz+(B-A)wiwy =T3 (1¢)

Here, the dot denotes the time-derivative, wj; are the
components of the rotation vector . The subscripts j=1,
2, 3 refer to the X, y, z principal body axes that are
associated with the principal moments of inertia A, B,
and C, respectively, and satisfy the following sequence:

A<B<C 2)
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The torque vector T has components T; along the
principal axes, see Eqgs. (1a)-(1c). We consider here the
specific case when T; > 0, T, may have either sign, and T3
vanishes. In the presence of torques, the rotational energy
E and the modulus of the angular momentum vector H=|
HI are the same physical quantities as in the torque-free
case but become functions of time t:

1
E(t) = E{Aaﬁ +Bw}+Cwl} (3a)

H(t) = {Azw%+32w§+C2w§} (3b)

In the presence of an arbitrary torque vector T, it
follows from Egs. (1a)-(1c) that the rates of change of
the rotational energy E and the angular-momentum-
squared H? are given by

%(E) —®oT; %(HZ) — 2(HeT) (4a,b)
Thus, the energy remains unchanged if the torque vector
acts perpendicular to the rotation vector. Likewise, the
modulus of the angular momentum vector remains con-
stant if the torque vector acts perpendicular to the angular
momentum vector.

From the definitions of E(t), H(t) and the conditions
stated in Eq. (2) we find that, for a given value H(t), the
corresponding energy E(t) lies within the range:

H? H?
Enin(® =50 <E0) <10\ = B0 )

The range of energy values in Eq. (5) can be separated in
two intervals as visualized in Fig. 2. We define the motion
to be spinning about

2
(a) z—axis, if:  Epin(t) <E(t) < Hzg) = Egep(t) (6a)
(b) x—axis, if:  Esep(t) < E(t) < Emax(t) (6b)

where ‘sep’ denotes the separatrix, see Fig. 2.

We consider an arbitrary torque that has been acting
during the interval 0 <7<t and terminates at time t.
When the instantaneous values E(t) and H(t) satisfy
Eq. (6a), we have

AEgep(t) = Eep(t)—E(t) = ;—B{C(C—B)w§ ~-AB-A)w?} >0 (7)

and the body is still spinning about its major inertia axis z
as it does from the start at 7=0.

] .
i separatrix

Fig. 2. Constant energy levels on the angular momentum sphere.

On the other hand, if AE, <0, Eq. (6b) shows that the
body is already spinning about its minor inertia axis (x).
Thus, the condition AE,,=0 characterizes the transition
from a rotation about the maximum inertia (z) to a
rotation about the minimum inertia axis (x). Therefore, it
is the goal of a recovery maneuver to achieve AE,,, <0.

The rate of change of AE,, (t) follows by combining the
results of Eq. (7) and Eqgs. (4a) and (4b):

1 dH?)

A sep(t) = Esep(t) — E(D) =5 5= E(©)

= (g—(o) oT=— <¥> 1T, ®)

Thus, the rate of change of AE,, (t) depends only on
the torque component T; and not on T,. Because we
assume T; > 0, AE,,, (t) decreases as long as w; > 0. Once
the body starts spinning about the minor principal axis,
@, >0 keeps its sign so that a continuing spin-up is
guaranteed.

A similar quantity that also plays an important role is
the (positive) difference between the maximum possible
energy Emq=H?/(2A), which is compatible with the actual
instantaneous angular momentum H(t), and the actual
instantaneous energy E(t):

AEmax(t) —@—E(t) —l{B(B—A)w2+C(C—A)m2} 9)
max = 2A = 2A 2 3
Similarly as for AE,,p, the rate of change of AE,q can

be calculated as follows:

1 dH?)

AEmae(t) = Ema(0) — E(0) = 52 = 2"~ E()

= (%—(o).T: <31‘%A)w2'r2 (10)

Thus, the rate of change of AE, . (t) depends only on the
torque component Ts.

3. Torque about minimum axis of inertia

The case when the torque component T;=#0 (and
T,=T3=0) was investigated in a previous paper [13] by
the authors. Here, we follow a different approach that
facilitates the comparison with the present model where
both T; and T, # 0 and with its results that turn out to be
very different.

When T,=0, Eq. (10) shows that the quantity AEx,
which is a particular linear combination of the rotational
energy and the (modulus of the) angular momentum,
remains constant. Thus, AEnp. (t)=AE. (0)=AE, is a
first integral of the system in Egs. (1a)-(1c) in this case.

Eq. (9) indicates that the projection of the angular
velocity vector on the y, z-plane describes an ellipse with
constant semi-major axis a on the y-axis and semi-minor
axis b on the z-axis:

g [PAAEy _ _ [2A4E,
“\/BB=A) ~ " \/cC=A)

The parametric equations of this ellipse and its deriva-
tives are given by

(11a,b)

wy(t)=a cosu(t); ws(t)=D>b sinu(t) (12a,b)
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Fig. 3. (a) Evolution of w¢(u) for case wo > 0. (Inputs: A=200; B=300;
C=400 kg m?; w10=2.070; w20=0; w30=>5 rpm). (b) Evolution of w;(u) for
case wqp < 0. (Inputs as in Fig. 3a except for w9 —2.070).
@ (t) = —a u(t) sinu(t);

@3(t) = b u(t) cos u(t) (12¢,d)

When inserting these expressions in the Euler Egs. (1b)
and (1c) we obtain a surprisingly simple relationship
between u and w;:

u(t)+ns1()=0 with ns= ‘/W

Thus, the variable u is proportional to the total turning
angle [w(7)dz about the x-axis.

Eq. (13a) is the key to an analytic solution in u. First, it
allows adopting u as the independent variable in Eq. (8):

(13a,b)

d(AEg,) 1 (B-A

A Ep) _n_s(_B )n N (14a)
1 /B-A

Ay = Fspto) (757 ) Tu-t) (14b)

The transition to a spin about the x-axis occurs at
AEsp=0. When starting from a pure flat-spin motion
about the z-axis, we find from Eq. (7):

C(C-B) , z

2B %0 2

The linear relationship in Eq. (14b) has only one solution

AEsesz(uo) = with: Ug = (154, b)

(see also Eq. (28b) of Ref. [13]), namely

_z 1 Jcc-Ayc-B) ,
Usep =55 BB=A) T, “30 (150)

In order to investigate whether the value us,, is reached
or not, we insert the derivative of Eq. (13a) in the first
Euler Eq. (1a). This produces a second-order differential
equation for u(t):

o (C=BAE
St

Eq. (16) has the structure of the forced nonlinear
pendulum equation. For a flat-spin recovery, it is necessary
that w; > 0 continues to increase. According to Eq. (13a),
this implies that the solution u(t) must continue to
decrease and therefore an ongoing clockwise spin-up
about the body's x-axis. When the solution in u is
bounded, the pendulum is oscillating and there is no
recovery. In this case, the motion is described by just a
segment of the line AE,,, (u), see Ref. [13].

The first Euler Eq. (1a) gives now also the exact solution
w-(u) and allows the derivation of the minimum torque
level TT that guarantees an unbounded solution for u and
w1. These results have been derived in detail in Ref. [13]
and are summarized as follows:

Q2 (C-B)AE,

sin (2u)+n5%: 0 (16)

T
2000 _ 1
w1(U) = 2 BCn2 cos (2u) AnS(Zu)
wy(U)=a cosu (17a—0¢)
w3(U)=>b sinu
with
22 9 1,5 5 2.2 T;
Q =niwi, +§(ni w30 — N7 035) +2n5—lo (17d)
n? — %E:‘C_A) (] 7e)
C-B)(C-A
n? _EBEA ,353 ) (17f)
C—-B)B-A
m = E=00= (7g)

The constant .Qf is a second integral of motion found by
substituting Eqs. (12a)-(12d) in Egs. (1).

Fig. 3 show two illustrative examples of a recovery
under the indicated input data. If the torque ceases to act
when @;=0 we find from Eq. (7) that AEsp=Esep - E>0
and, according to Eq. (6a), the resulting free motion is still
a nutation about the z-axis. The transition to a spin about
the x-axis occurs later at the crossing of AE,.,=0, which
corresponds t0  Usp=10.93° (<ug,i1—0) when using
Eq. (15c). We note that the derivative of w;(u) has a
discontinuity at w1=0, which may be avoided by using
the quadratic formula in Eq. (17a).

Fig. 4 show the behavior when the torque T,
approaches its critical value T; for pure flat-spin initial
conditions, i.e. @19=m>0=0. Theoretically, the time to the
transition (or the period of the periodic solution if there is
no recovery) goes to infinity (i.e., there is no finite limit).
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The vertical lines in Fig. 4 identify specific points of
interest, which are identified in Table 1.

The increase of these time intervals occurs with an
enormous sensitivity as illustrated in Table 1. On the flat
parts of the curves, the angular velocity is hardly moving
at all in the body frame and is close to an unstable
stationary solution. This remark is important for illustrat-
ing the continuity with the case T, # 0.

The main properties for a recovery when using a torque
along the minimum axis are

i). depending on the magnitude of the torque, a nutation-
type periodic spin-up/spin-down (see Fig. 4b) about
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Fig. 4. (a) Angular rates wj(t), j=1, 2, 3, in case of recovery. (b) Angular

rates wj(t), j=1, 2, 3, in case of no recovery.

Table 1
Summary of results near boundary between recovery and no recovery.

the z-axis or a continuing recovery spin-up about the
X-axis occurs;

ii). the transition to a spin-up about the x-axis can occur
only during the first revolution of the angular velocity
vector @ with steadily decreasing nutation during this
spin-up.

4. Torque in x, y-plane

In the present section we consider a torque within the
X, y-plane with components T; >0, T, # 0. Eq. (10) indi-
cates that the first integral AE,,.x=constant is no longer
available now. The most important consequence is that, in
this case, the transition does not need to occur within the
first revolution after the onset of the torque.

Figs. 5 and 6 show a typical recovery for the case T,=T
sine<0 with a=-5° and T=M<<T;, which is the
critical value for a torque about the x-axis. It was shown
in Refs. [15,16] that T < 0 implies a secular decrease in w3
for an asymmetric body because the average value of w3
decreases under nutation. This dynamical mechanism
leads to a transition followed by the spin-up about the
minimum axis of inertia. At the start of the recovery
maneuver the average decrease of s is slow. An approx-
imate expression for the rate of decrease was derived
based on the non-zero average value of the product w,w,
while assuming a constant @s value (slowly varying
parameter) during the nutation period:

w3(t)=wsg \3/ 1 +£ (18a)
with
2 C(C-A)C-B) (18b)

T 312(B_A)sin 20) "

The structure of Eqs. (18a) and (18b) suggests the
following qualitative conclusions:

a) a spin-down occurs when —7 [2 <a <0 for any value
of the torque T;

b) the time to recovery goes to
approaches — (2 or O;

¢) when a >0, Egs. (18a) and (18b) predict a spin-up
about z but the correct interpretation is that the critical
torque T} increases by an amount that depends on the
value of a.

infinity when «o

Fig. 7 shows the very slow spin-down of ws during a
longer timeframe. After the recovery, the behavior is
comparable to the results observed [13] in the case T,=0

T, (Nm) Result AEq, (£)=0 at: w1 (t) (rad/s)

16.22022035 Recovery 95.649 s Minimum 7 x 10~% at 45.1 s
16.22022034811 Recovery 112.83 s Minimum 1 x 106 at 62.7 s
16.22022034810 No recovery - w1=0 at 61.5 s; Period is 126.5 s
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with adjusted average value of the angular velocity in the
y, z-plane.

Eq. (13a) is instrumental for changing the independent
variable from ¢ to u. In this case, u keeps its meaning of
total turning angle about the x-axis and starts from 0 (i.e.,
not at the pure flat-spin initial value uyp=7x/2). The Euler
equations (1) can now be written as (’ denotes d/du):

—Ans 'y w1 +(C-B)wy w3 =T, (19a)
-Bns o'y w1 +(A-C)w1w3 =T; (19b)
—Cnsw's +(B-A)w; =0 (19¢)

After inserting Eq. (19¢) in Eq. (19a) we find a total
differential and hence the following new first integral:

ki3 —k3w? = kiw3g+2kstiu/ns (20a)
with

C-B , C-A , B-A _ Ty
k] —Ts k2 —T, k3 = T, t = 7 (20b — d)

Eq. (20a) represents a hyperbola with varying axes and is
merely a different form of Eq. (14b).

Under this change of independent variable, the linear
relationship in Eq. (14b) remains valid for up=0 and AE,,,

T T T T T T 1
4 T1=9.99962 Nm; T2=-0.0872654 Nm
a=-0.5% ®30=5rpm z
<L
°
® 3
£
w
22
3
® ®2 1
S 1 \
g 3
< VVVVVVY
0 W AAAAAARALY
-1

0 300 600 900 1200 1500 1800 2100 2400 2700
Timeins

Fig. 7. Simulation Results for ITI=10Nm; a=-0.5"
t=2581s.

AE;p=0 at

(Uusep)=0 (see also Eq. (15¢)) and we have

__1 JCC=ACB) 5 1 5 ki [k
oo =\BB-A) T, "%~ 275 \/ks @D

When inserting u=us, from Eq. (21) in Eq. (20a) we
obtain, as expected, kiw%,, =ksw? ., which is the
equation for the separation planes. Summarizing, we state
that the existence of us., shows that a transition to a spin
about the minimum axis always takes place when T; <0
and T, > 0, which is a sufficient condition.

The second Euler equation shows that @, is described
by a harmonic oscillator, forced by ws:

P ty (W)
Wy 4wy = n—zs <w§> (22a)
T
with
T,
=7 (22b)

According to Eqgs. (18a) and (18b) the minimum recovery
time for a given ITl is in the vicinity of a= —45°. For ITI=
10 Nm, the azimuth angle of —39.5° gives the fastest
recovery time tep.

Fig. 8a shows the angular velocity components for this
case. The recovery time is t;,=68.68 s and is indicated by
the first dashed (red) vertical line. The respective w; (j=1,
2, 3) values at ty, are 0.2436, 0.3319, 0.1722 rad/s, respec-
tively. The second dashed (blue) vertical line in Fig. 8a is at
t=75.47 s and corresponds to the first time that the w;
component reaches zero.

Fig. 8b shows the projection of the angular velocity in
the y, z-plane. At the start, the value of w, becomes
slightly negative. When w5 goes negative, the trajectory
appears to stabilize on an ellipse. The continuation of the
trajectory is comparable to the behavior observed in the case
T,=0, see Ref. [13]. Fig. 8c shows the three-dimensional
representation of the angular velocity components for the
same case as in Fig. 8a and b.

Fig. 8d shows the behavior of AE;. (u). Initially, AE,qx
decreases from its starting value of 54.83 Nm but it eventually
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stabilizes at about 6.84 Nm. In the case t,=0 the term AE o,
would have remained constant at 54.83 Nm throughout.

Finally, Table 2 provides a summary of the character-
istic values related to the optimal direction angle a,p, for a
few values of the torque magnitude. The results in Table 2
confirm that the magnitudes of equatorial torque vectors
are indeed smaller than the corresponding minimum
torque component (i.e., Ty = 16.22 Nm) along the minimum
inertia axis found in Ref. [13].

In summary, we conclude that a feasible flat-spin
recovery can be constructed in the case when T; >0 and
T, <0. For a given torque level we can optimize the
azimuth angle a of the torque vector for the fastest
possible recovery. The recovery time must be shorter than
the time required for bringing the spacecraft in a flat spin
through energy dissipation.

5. Motion in inertial space

The motion of the body in inertial space has been
investigated by means of numerical integrations. The

Table 2
Summary of simulation results as function of ITI.

T (Nm)  agp (deg)  tsep 1st Time w3=0  Final AE;qx
(s) (s) (Nm)
12 -36 43.5433 48.8119 10.5
10 —39.5 68.680 75.470 6.8
8 —-41 113.710 123.096 2.4

inertial Z-axis is directed along the initial angular momen-
tum vector H and the inertial X-axis is taken along the
initial torque direction, which corresponds to the body x-
axis in the pure flat-spin case. The inertial Y-axis com-
pletes the dextral system of axes. In this paper, small
letters x, y, z refer to the principal body axes and capital
letters X, Y, Z refer to the inertial axes.

First, we describe the results for two representative
strategies aiming at recovery from a pure flat-spin situation.
The inertias and initial flat-spin rate are as in the
previous examples, i.e., @1g=m20=0; @w30=>5 rpm. Table 3
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Table 3
Torques and recovery times for two representative strategies.

Case T: (Nm) T> (Nm) Time (AEse,-0) (s) 1st Time w3=0 (s)
I. Torque along x-axis 16.2203 0 53.187 55.5266
II. Torque in x, y-plane 8 cos(—41°) 8 sin(—41°) 113.710 123.096
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summarizes the applied torques and corresponding
recovery times.

5.1. Case I torque along x-axis

Figs. 9a and b shows the motion of the angular velocity
components in the body frame and in the inertial frame,
respectively. In the body frame (see Fig. 9a) the angular
rate w; reaches its minimum value at t=32.9 s, i.e. the first
(gray) dashed vertical line. The transition occurs at
tsep=53.2 s, ie. at the second (red) dashed vertical line.
The rate w3 decreases from the start and crosses zero at

-0.10 -0.05 0.00 0.05 0.10 0.15
X Component of Unit-H

Fig. 11. Projection of unit-vector H/HI on X, Y-plane.

t=55.5s, i.e. the third (blue) dashed vertical line. After-
wards, it starts oscillating.

In the inertial frame (see Fig. 9b) the rate w; keeps on
increasing and, after the recovery, its behavior is compar-
able to w, in Fig. 9a. The vertical lines are identical to those
in Fig. 9a.

Fig. 10 shows the behavior of the modulus [HI of the
angular momentum vector with initial value of
209.44 kg m?/s along both the z and Z axes. Subsequently,
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it increases continuously while transferring the momen-
tum to the x-axis. The component H; along the Z-axis
follows with oscillations and the deviations of the vector H
from the Z-axis remain relatively small. Again, the vertical
lines are identical to those in Fig. 9a.

Fig. 11 shows the projection of the unit-vector H/IHI on
the X, Y-plane during the first 3 min of motion under the
same inputs as used in Fig. 10. The transition occurs just
before the 60-s mark shown in Fig. 11. Afterwards, the
spin-up causes a decrease of the nutation and H converges
towards a fixed direction. The final point of convergence is
about 0.16 distance away from the origin, which corre-
sponds to an offset angle of about 9.2°.

Fig. 12 shows the angle between the angular momen-
tum vector and the Z-axis. During the first 50 s (i.e., before
the transition) this angle shows oscillations with ampli-
tudes of 4-5° about the limiting value of 9.2° as in Fig. 11.
Afterwards, while nutating about the x-axis, the amplitude
decreases fairly rapidly until it essentially dies out after
about 2 min.

Fig. 13 illustrates the transfer of the angular momentum
from the body x-axis to the inertial Z-axis, which starts
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Fig. 14. (a) Angular velocity components in body frame. (b) Angular
velocity components in inertial frame. (For interpretation of the refer-

ences to color in this figure, the reader is referred to the web version of
this article.)

after the transition at about 53 s and is completed about a
minute later.

Figs. 10-13 provide informative insights on the recov-
ery for the case wsg > 0 but we confirmed that the results
for wsg < 0 are very similar. Regardless of whether the flat
spin is about the plus or minus body z-axis (see Fig. 1), a
torque about the body +x-axis always restores the body x-
axis in the neighborhood of the angular momentum vector
(Z) before the onset of the dissipation (provided that the
torque level exceeds a certain critical value).

5.2. Case II torque in x, y-plane

Fig. 14 are the counterparts of Fig. 9. The torque level Ti=
8 Nm is much smaller than the critical value T} = 16.22 Nm in
Case I and the torque direction angle for Case Il is o= —41°
(see Table 3). We observe the gradual decrease of w5 and w;
during several revolutions. As in Case I, the behavior of w,
after the recovery becomes comparable to that of w;. The
dashed (red) vertical line at 113.71s shows where the
transition (AEs,=0) occurs and the dashed (blue) line at
123.1 s is at the first zero crossing of ws.
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Fig. 15 shows that, after the recovery, the offset angle of
the angular momentum vector with respect to the Z-axis
decreases from about 17° and eventually stabilizes at about
4°, Fig. 15 also shows the convergence of the offset angle of
the x-axis relative to the Z-axis to the same limiting value
but at a much slower rate. The identical asymptotic offset
angles for the H-vector and x-axis are induced by the
decrease of the nutation.

Fig. 16 shows the projection of the unit-vector H/HI in
the X, Y-plane. It starts circling with an increasing radius
about a center on the Y-axis until the recovery. Afterwards,
it circles with a shrinking radius about a center at (—0.025,
0.058), which corresponds to an offset of about 3.6° from
the Z-axis. The final offset angle is smaller than the 9.2°
offset in Case I in Fig. 11.

Finally, we mention that a torque with a positive
component along the y-axis must have a magnitude above
the critical value to guarantee the flat-spin recovery. Its
level depends on the positive offset angle « of the torque
vector. Table 4 shows a few examples.

40

\ \ \
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Angle between
25 / x-Axis and Z-axis
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Fig. 15. Orientations of body x-axis and H-vector relative to Z-axis.
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Fig. 16. Projection of unit-vector H/IHI on X, Y-plane.

Table 4
Examples of recovery/no recovery for positive a angles.

ITI a (deg) for recovery a (deg) for no recovery
16.25 0.1 0.25

16.30 0.5 0.70

16.50 15 2.0

18 10 13

20 18 20

5.3. Attitude matrix

The observed properties of the flat-spin recovery
strongly advocate the use of the 1-2-1 rotation sequence
[17] (see Fig. 17) because the results show that the first and
second rotation angles, which define the orientation of the
x-axis, stabilize asymptotically about a constant value. In
addition, the third rotation accounts for the spin-up about
the body x-axis. A first rotation ¢p=180° about X followed
by a rotation d=90° about Y; brings the initial x(=X)-axis
onto the Z-axis. These two rotation angles may then
stabilize on the values 180°—¢, and 90°—¢&y where ¢,
and &4 designate small angles.

The attitude matrix [17] AT corresponds to the 1-2-1
rotation sequence and maps a vector Vg from the body
frame into the vector V; within the inertial frame:

vV, =ATvg (23a)
with

co sOsyr sOcyr
AT = | sOsp —cOspsy+capcp —cOspcy —sycp

cOcpcy —sysg
(23b)

—sOcp  cOcpsy +cyse

where ¢ and s stand for the cosine and sine functions,
respectively.
The inertial representation of the x-axis is

X = {c@ sOsq —s@cgo]T 24)

This result contains only the rotation angles ¢ and @ while
Y is absent. The asymptotic orientation of the x-axis can
now be expressed in the small deviation angles ¢,=7-¢
and gg=m/2—-06:

x,;[Ee £p 1}T (25)

In the following section we establish asymptotic values
of ¢, and g for t, u,—oc by means of an approximate
model that replaces the later part (i.e., after the recovery)
of the curves in Figs. 9-15. For the results of Case I (i.e.,
when the torque acts only along the x-axis) the model can
be formulated in terms of Fresnel integrals. Fig. 8d indi-
cates that this approximate model may also be adapted to
Case II by introducing an appropriate constant value for
AEmax'

Fig. 18 shows the evolution of the angles for Case I.
Initially, the angle ¢ grows fast but then stabilizes on a
value close to 7z after the recovery has been established
(i.e., after crossing w3 =0 at 55.5 s, see Fig. 9a). Afterwards,
the ongoing spin-up occurs in the increasing y angle. The
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0 angle stays within the range [0, 7] and stabilizes on a
value close to z/2. The dashed vertical lines in Fig. 18
indicate successive downwards passages of s
through zero.

5.4. Asymptotic model for attitude angles

The derivation of the asymptotic values for the angles
€, and £y makes use of the kinematic equations [17] based
on the 1-2-1 sequence in Fig. 17. Furthermore, the
independent variable u is replaced by u,= —u with u=u
(t) defined by its differential equation in Eq. (13a):

(sin@) ¢ = w3 cOsSy+w, siny =

(sin@) ¢'=L(w3 COSw +wy Sin y) (26a)
Nsw1
9:—0}3 siny +w, COSy =
0= 1 (—w3 Siny 4wy €OS y) (26b)
Nsw1
. . .1 ,
w=w1—(cos 0) ¢ = :n——(cos 0) ¢ (260)
S

where’ denotes d/du,, and the analytical results for w;(u,),
j=1, 2, 3, are given in Eqgs. (17a)-(17c).

After the transition to the flat-spin recovery has taken
place, the amplitudes a and b (of @, and w3, respectively)
may be replaced by their mean value <wj3>=
<w5+w3 >12. Egs. (26a) and (26b) may now be

Y
Xl 2 v 22
_—
6=90°
9
oL Va
T1=16.2203 Nm .7

7 — ®30 =5rpm L/
6 /,
5 .

\ '/7*

/ — exact
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Fig. 19. Comparison of exact and approximate functions wq(uy,).

simplified as

. o Sw3)
(sin®)gp o) sin (y—um) (27a)
. (@23) _
0 = o < (y—um) (27b)
with
1 Up + 27 1/2 2 b2
(023)=(@3+w3)!/? = {Zﬂ/um [“’%3(5)]‘15} =\ ;
(270)

When starting from a pure flat-spin (i.e., u,0= —/2) Eq.
(27¢) becomes

(w23 )pure fs = 230 cc=A = @30 +k—2
V2 BB-A) 2 ks

Thus, the ellipse described by @, and ws is now replaced
by an approximate circular motion.

The second approximation is to replace the result for
w1 in Eq. (17a) by

1
@1 (tn) =/ 2 42t 5 (28)
S

where the periodic term cos(2u,,), which averages to zero,
has been neglected.

Fig. 19 shows that the approximate expression given in
Eq. (28) may be acceptable for sufficiently large values of
Upm. At the points upgr=n/4+krx/2 (for k=0, 1, ...) the

(27d)
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approximation of Eq. (28) is exact. In general, however, the
true w1(u,) oscillates around the approximate value.

For values of u,, past the transition to a spin about the
x-axis, the simulations show that Eq. (26c) may be ade-
quately approximated by the linear relationship:

Uy —U _u
W(um) = W(um,ref)+ (mTW> =y +n7r: (29&1)
with
. Up.r
Y= W)~ (29b)

Fig. 20 shows the comparisons of three linear approx-
imations with different reference points (i.e., U rr =0, 27,
47m) with the exact expression in Eq. (26¢). We conclude
that, as expected, the highest u, . (i.e., continuous black)
line produces the most accurate approximation.

The approximation in Eqs. (29a) and (29b) is not
obvious. When @ is near /2 the cosf term of Eq. (26¢) is
small. The term ¢’, however, is not small as ¢, oscillates
fast with small amplitude about z—mod(¢, 27). We note
that the slopes of the approximations differ slightly from
the slope of y(uy,).

After incorporating all of these simplifications into Eqs. (26a)
and (26b) we find a decoupled equation for €(u). For & near 7 2
the equation for ¢ also decouples in first-order approximation
so that

COS (7 +C U)

6"(um) = <wy3 > (30&)
\/ 2+ 2t N5l
P (tim) = < gy > S +Cilim) (30b)
\/Qf + 2t N5l
with
1
Ck = n_s - (30c)

It is straightforward to write Egs. (30a) and (30b) in terms of the
small deviations gy=r/2—0 and €,=7— :

Table 5
Summary of Simulation Results for angles ¢, 6, y at u,,=2kx.

um (deg) t(s) ¢ (deg) e, (deg) 0 (deg) e, (deg) v (deg)

0 55.55 2475 —67.5 61.9 28.1 1270
360 69.95 151.6 284 554 34.6 2464
720 77.66 200.4 -204 87.9 21 3424

1080 83.69 151.0 29.0 105.0 —15.0 4357
1440 88.80 1823 -23 70.7 19.3 5278
1800 9333 164.6 15.4 108.4 —18.4 6192

COS (i + Cielim)

e'g(Um)=—(w23) (31a)
/€22 42t nsum
sin (Y + ¢

€, (Um) = — (w23)M (31b)

\/Q§+2t1n5um

The solutions of the differential equations of the type in
Egs. (31a) and (31b) are expressed as follows:
59(um)E5,9,ref_F<w23> { cosd [C(Zm)_c(zref)}

— sind [S(zm)—S(zrer)] }
5w(um)55¢,ref_F<w23> { cosd [S(Zm)_s(zref)}

+ sind [C(zm)—C(zr¢f)] } (32a,b)
where
X
— T2
C(x)_/0 {cos(zz )}dz 33a)
X
. (T
S(x) = / sin (=2%) tdz 33b
0= | {sin(32)} (33
are the Fresnel integrals with the arguments defined by
C
Zm = \/nﬁkns (% +2t1n5up) (34a)
C
Zye = \/ ﬂt1kns (.Qf +2t1nsum,ef) (34b)

The remaining constants and coefficients appearing in
Eq. (32a,b) are defined as follows:

3
F= V Cpl1ns (353)

c= cosd (35b)
s= sind (35¢)
d =y — €22 /2t1ny) (35d)

By using the well-known [18] property that both C(x)
and S(x)—0.5 when x—oo, we obtain the asymptotic
values &g, and &, .. from Eq. (32a,b) when substituting
Zm— 00!

€0,00 ™ €9,ref +F(w23) {C(Zref) cosd
—S(zyer) sind—( cosd—sind)/2} (36a)

€p,00 ™ Egref +F<{1)23 ) { C(Zref) cosd
+S(zyep) sind—(cosd+ sind)/2} (36b)
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5.5. Summary of numerical results

Table 5 summarizes the results for the angles ¢, 0, y at
the points u,, ,=2kz obtained by numerical integration as
in Fig. 18. Also the small deviation angles &,=7—¢ and
g9p=m/2—0 are tabulated in Table 5. The separatrix is
crossed at t=53.2 s, which is just before u,,=0 (see Fig. 9a).
Thus, Table 5 contains only results from after the transition
to a spin about the x-axis.

Table 5 provides the inputs for the asymptotic model in
the previous section. Each of the u,, entries in the left
column is used as a starting point (i.e., Umyes) for the
integrated results of ¢, and &y in Eq. (32a,b). The asso-
ciated initial conditions &, er and &g, s are also given in
Table 5.

The resulting asymptotic values &, ., and &g, are given
in Egs. (36a) and (36b) and illustrated in Fig. 21. It can be
seen that the asymptotic value &, ., remains steady from
Um,rer =720° onwards and converges to 9.2°, which agrees
with the result shown in Fig. 12. Similarly, we find that the
asymptotic value &4, converges to 0.32° but it keeps
oscillating within a range of about 0.8°.

6. Conclusion

This paper studies the recovery from a flat-spin situa-
tion by means of a continuous torque in a plane perpen-
dicular to the maximum axis of inertia. The main result is
that, as long as the torque has a positive component along
the desired spin axis (i.e., the minimum axis of inertia), a
flat-spin recovery can always be achieved by a negative
torque component along the intermediate axis. From
previous work it is known that, for a torque aligned with
the minimum inertia axis, there exists a critical minimum
level that the torque must exceed in order to achieve a
recovery. Here, a sufficient condition for recovery is

established for a torque in the plane normal to the
maximum inertia axis, namely that the torque component
along the intermediate axis of inertia must be negative.
There is no restriction on the torque's magnitude but the
time to recovery increases indefinitely when this torque
component approaches zero. For a given torque level,
there exists an optimum orientation angle between the
two torque components that minimizes the recovery time.
During a recovery under this strategy, the angular momen-
tum vector remains in the vicinity of its direction before
starting the recovery. Finally, also a useful approximate
model is presented that predicts the asymptotic deviation
of the spin-axis attitude orientation in inertial coordinates.
These new results have significant implications for the
design of flat-spin recovery strategies for satellites that are
required to be spinning about their minor axes of inertia.
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