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The paper extends and clarifies the stability results for a spinning satellite under axial thrust in the presence of
internal damped mass motion. It is known that prolate and oblate satellite configurations can be stabilized by damped
mass motion. Here, the stability boundaries are established by exploiting the properties of the complex characteristic
equation and the results are interpreted in terms of the physical system parameters. When the thrust level is the only
free parameter, both prolate and oblate satellites can be stabilized provided that the thrust is within a specified range.
This result is in contrast to the well-known maximume-axis rule for a free spinner where damping is always stabilizing
(destabilizing) for an oblate (prolate) satellite. When adding a suitable spring-mass system, the minimum value of the
spring constant that stabilizes the configuration can be established. In practice, however, the damping may well be too
weak to be effective. Numerical illustrations are presented for the actual parameters of the Ulysses prolate
configuration at orbit injection as well as for a fictitious oblate system. Finally, a new derivation of a previously
established first integral for the undamped system is offered and its properties as a Lyapunov function are discussed.

I. Introduction

N A previous paper [1], the authors investigated the stability of a

spinning body under axial thrust and augmented it with a mass-
spring system. The point mass is nominally located on the spin axis
and can move in a plane perpendicular to the spin axis but is restrained
by the spring. This model was proposed by Mingori and Yam [2] for
understanding the instability that occurred during the firing of apogee
boost motors, where slag could accumulate in an imbedded nozzle.
They analyze the stability of this system by using the linearized
equations (Lyapunov direct method) about the reference motion
consisting of a uniformly spinning system, with the mass particle
located on the spin axis. Furthermore, they obtain a stability diagram
[2] in terms of two nondimensional parameters, that contains
an oscillatory stable and an unstable region. More recently [1], the
region of oscillatory stability has been interpreted in terms of
the physical parameters. However, the oscillatory stability of the
linearized system does not assure the stability of the original
nonlinear system.

Subsequent studies have added damping to this mass-spring
system. Halsmer and Mingori [3] use Lyapunov’s second or indirect
method by constructing a Lyapunov function, whereas Yam et al. [4]
use a special method to evaluate the roots of the characteristic
equation with complex coefficients. (Here, we follow the Hughes [5]
terminology for Lyapunov methods.) The results show that the region
of instability increases dramatically and that part of the remainder of
the previously oscillatory stable area turns into a region where the
damping guarantees asymptotic stability. This conclusion is valid for
both prolate and oblate systems, which contrasts with the familiar
maximum-axis rule for a freely spinning body. Therefore, the quoted
papers [3.4] no longer interpret the augmented particle as slag but
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consider the spring-mass-damper system as nutation damper. This
approach will also be followed here. It is important to note that the
asymptotic stability of the linearized system does guarantee the
stability of the reference motion for the full nonlinear system [5].

The dynamics presented in this paper holds for any space vehicle
that is subjected to an axial thrust force and that has internal damping.
In practice, the most relevant applications are for satellites with an
attached upper stage or solid rocket motor, and this is the configu-
ration studied here. The focus is on the most common situation when
the particle is located aft of the system c.m. The paper investigates
the stability of the linearized system including damping by analyzing
the roots of the characteristic equation as in Yam et al. [4]. The
characteristic equation is written as a polynomial of order three with
complex coefficients. In this form, the Routh—Hurwitz or Lienard—
Chipart stability theorems cannot be used because they apply only to
equations with real coefficients. Gantmacher [6] offers a general-
ization for equations with complex coefficients, but not all conditions
required by this theorem are satisfied here.

Yam et al. [4] discuss the appearance and disappearance of the
negative real parts of the roots by a special perturbation method with
complex coefficients. Our approach starts by replacing the charac-
teristic equation by an equivalent system of two equations for its real
and imaginary parts, respectively. This system contains only real
coefficients and has the real ¢ and imaginary w parts of the complex
variable p = ¢ + jw as real variables. The two equations are consid-
ered as polynomials in ¢ with coefficients containing the system
parameters and @. These equations allow zero solutions in ¢ when
their constant terms vanish. The two conditions for having ¢ = 0
imply that the frequency w can take only two values, namely, zero and
the nutation frequency of the system.

The proposed approach facilitates the straightforward analysis of
the sign changes of the real parts of the roots by using a linearization
procedure about the solutions ¢ = 0 and the two permissible values
of w. In the first case, both w and ¢ vanish and the zero solution of the
undamped case is recovered. Both admissible @ solutions define
families of straight lines in the stability diagram that separate the
solutions ¢ > 0 and ¢ < 0. The combination of these results leads to
an open triangular area between the two straight lines, where all o
values are negative in the prolate case. In the oblate case, however,
this area may have a different shape because of the condition that the
thrust must be positive. The ensuing asymptotically stable domain
confirms and clarifies previous results [3,4].
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The qualitative conclusions established by Halsmer and Mingori
[3] for a prolate spinner are confirmed and extended further. In
particular, the minimum value of the spring constant that achieves
stability is associated with a specific minimum thrust level. For larger
values of the spring constant, the minimum thrust level remains
unchanged, whereas the maximum thrust value depends on the
selected spring constant.

Similar explicit boundary values are also established for an oblate
system. The condition for ¢ < 0 on the nutation frequency defines
now the maximum value of the thrust level. However, the condition
that the thrust must be positive eliminates a part of the open triangular
stable domain.

These results highlight the severe impact of the axial thrust on the
stability conditions in comparison with a free spinner. The physical
values of the particle mass, spring constant, and damping coefficient
that guarantee asymptotic stability can readily be identified for a
given situation. The paper illustrates this for an example based on the
Ulysses parameters with a fixed thrust level and a range of particle
mass values.

Parametric analyses of the roots show that there always exists one
root (i.e., || ~ 2Qq,,) that has always a negative o value. The
characteristics of the stability region can be adequately described and
interpreted in terms of the behavior of the other two roots. These
results are relevant for designing an optimal nutation damper. Lang
and Halsmer [7] select the particle location such that the two ¢ values
are equal. However, it is not assured that both frequencies have the
same effects on the attitude. One of the stability boundaries is most
efficient for the (perturbed) nutation frequency, whereas the other is
better for the lower frequency (perturbed from zero) that may have
more influence on the depointing, which is a consequence of the
instability. The relative importance and amplitude of the frequencies
must be assessed before the optimal value for the spring constant can
be decided upon. In any case, the application of such a nutation
damper is only feasible when there is sufficient time for reducing the
nutation.

Finally, the paper offers a new derivation of the first integral
discovered by Mingori and Yam [2] for the system without damping
and discusses its properties as a Lyapunov function.

II. Model and Nomenclature
A. Physical Model
Figure 1 shows the physical model to be used here, which is
consistent with previous papers [1-3]. It consists of a symmetric rigid
body of constant mass M and principal moments of inertia C (axial)
and A, (transverse). The body has a constant spin rate  and is
subjected to a thrust F which is assumed to be pointing perfectly
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Fig.1 Model configuration and mass properties.

Table1 Summary of independent physical and scaling parameters

Parameter Unit Description
M kg Body mass
C kg - m?  Axial moment of inertia (spin inertia)
A, kg -m?  Transverse moment of inertia
for axes passing through the body’s c.m.,,
F N Thrust level of rocket motor
Q 1/s Spin rate
1 m Vertical coordinate of particle relative
to body c.m.
m kg Particle mass
k kg/s>  Spring constant or stiffness
c kg/s Viscous damping constant

P =A,Q2/1> >0  kg/s*  Scaling parameter for spring constant

Pe=MQ>0 kg/s Scaling parameter for damping constant
Pa = A%/l >0 N Scaling parameter for thrust force
5=MP/A, = — —  Auxiliary parameter; r, =

(I/re)* =0 (Ap/M)'/? is radius of gyration

along the spin axis. The x;, and y, axes pass through the body’s mass
center (i.e., c.m.,). Furthermore, the x, and y, axes pass through the
nominal system mass center c.m.;, when the particle is located in its
rest position on the z axis.

Table 1 summarizes the set of independent parameters that appear
in the present model. The particle of mass m is nominally located on
the spin axis at the distance / from the body’s center of mass. For
[ > 0, the particle is on the +z axis and for / < 0 it is on the —z axis.
The particle may move in an equatorial plane while attached to the
spin axis by a linear spring of stiffness k and viscous damping
coefficient c. The point of application of the thrust is also taken at /.

The next three rows in Table 1 define the scaling factors for the
spring constant (~Q?), the damping coefficient (~), and the thrust
force (~Q?). These positive scaling factors are defined such that they
are independent of any of the parameters of the nutation damper by
which the satellite is augmented. For consistency, the particle m
should be scaled by M but most expressions are simplified when m is
scaled by m + M. The parameter d in the final row is the squared ratio
of the particle’s vertical position / and the radius of gyration r, of the
transverse body inertia. A rough approximation of this ratio may be
obtained when replacing r, by the body radius r (note that r, < r).

B. Derived and Auxiliary Parameters

Table 2 summarizes the derived and auxiliary parameters, which
facilitate the translation of the stability results into the relevant
physical parameters of the system. Therefore, the physical interpre-
tations of the first nine rows of Table 2 are provided below. All
normalization constants are defined as positive.

The first three rows define the system parameters. The total mass of
the system is M + m and the associated mass ratios are y and y,. The
presence of the particle mass m changes the principal transverse
inertia A, to A, and the lever arm to the system c.m. from / to 4. For
stability investigations, it turns out that / < O is the interesting case
[1]. The spin inertia C remains unchanged when the particle is on the
spin axis and changes only in second order of its distance from the
spin axis.

The next row in Table 2 defines the nondimensional independent
variable 7. This is followed by the definitions of 4, 4, and A, all of
which involve the ratio of the body and the system moments of
inertia. Although the numerical differences between (4;,4;),
(Ap, Ay), and (h, 1) are small for the present application to a nutation
damper (as well as for the slag mass interpretation), it is essential
for the proper understanding of the dynamics to make these clear
distinctions.

The following three rows define the normalized nondimensional
parameters associated with the spring constant &, the damping ¢, and
the thrust F. Next is the resonance frequency wZ of the mass-spring
system, normalized by the square of the spin rate. In the dynamic
equations, we often encounter the combination wZg/u;. This
expresses the fact that the spring does not act between m and a fixed
point but between m and the moving mass M. The resonance
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Table2 Summary of auxiliary parameters

Parameter Unit Definition Description

iy —_ — m/(M + m), M/(M + m) Ratio relationships between particle mass and total mass

h m ! Vertical distance of particle to system c.m.

A kg - m? Ay + pyml> = Ay, + mhl Transverse moment of inertia relative to system c.m.

T —_ — Qt Angular independent variable

0<4 <2 — — C/A, Precession rate of angular velocity, normalized by the spin rate Q
(note, the nutation frequency is 4, — 1)

0<A <2 — — C/A; As in the preceding row, but in terms of the system moments of inertia

A=14uo —_ — A Ay = Ay [ A Ratio of principal system and body transverse inertias

k, >0 —_ — k/px Normalized spring constant or stiffness

c, >0 — — c/pe Normalized viscous damping coefficient

fn — — F/pwn Normalized thrust force of rocket motor

W% —_ — k/(mQ?) Resonance frequency of mass-spring system attached to a fixed
point, normalized by the spin rate

B - — 7= oks/un PP =712 =277 =k, /(ud)

To;, To — — Tor = kn = pfn, To = T/ % A, QT = Pk + mlg with g = F/(m + M)

frequency for such a system depends on an equivalent mass n.q =
mM /(m + M) which leads to the expression wX/ ;.

The last two rows in Table 2 give the definitions of 52, T, which
are the nondimensional parameters used in the stability diagram (see
also [1]). After multiplication by 42, they become {y?, Ty, }.

b>

III. Transverse Dynamics Including Damping

A. Equations of Motion

The derivation of the equations of motion for the dynamic satellite
model in Fig. 1 resembles closely Egs. (1-3) of [1]. The linearized
equations of the transverse dynamics about the reference motion are
described by the first-order variables {®,, @, x|, x,}. The rates w,,
, are the transverse angular velocity components, normalized by the
spin rate €2, in a body-fixed reference frame. The variables x;, x, are
the components of the particle’s displacement with respect to the spin
axis. When including the additional damping terms (see also Eqgs. 1—-
10 of Yam et al. [4]), the resulting equations of motion for the system
are

A,@] + (C—A)wy = mhi{xy + 2x] — x,} — (WF/Q*)x, (la)

Aw) = (C = A)ay = mhi{-x{' + 2x; + xi} + (WF/Q%)x; (1b)

X1 =2x5 = (1 = wpes /1) %1 + (e /p)x] = —h(w) + @) [y (1c)

x5+ 2] = (1 = 0k /)32 + (e /)3 = W] — 0 /uy (1d)
The final two equations contain the viscous damping terms, which are
expressed in terms of the nondimensional parameter ¢, defined in
Table 2.

By applying similar transformations and substitutions as were
used in Egs. (1-5) of [1], the following set of equations can be
established for the body motion:

of + (A — Dy + (Topxs + ¢,6x5) /1 =0 (2a)

o) — (4 — Doy = (Toyx; +¢,0x]) /1 =0 (2b)

x{" =2x5 4 (Top 4+ v* = Dxy + (c,A/p)x{ + oy =0 (20)

' +2x] + (Toy + 7> = Dxy + (e, 0/p)x; + Wy, =0 (2d)

where (see Tables 1 and 2)

& =0 (3a)
MP?

6= A—b (3b)

A=1+4ud 3c)

The sixth-order system in Eqgs. (2) is suitable for stability analyses
even though it contains no information on the body’s attitude motion.
The attitude orientation may be included by introducing two
additional equations for the small attitude angles {6, 6,} in terms of
the rates w; (i = 1, 2).

After introducing the complex variables o, = w; + jw, and
X, = X1 + jx,, we can write Egs. (2) as

wc/ - J()“b - 1)wc - j(TO/Lxc + c,,éxé)/l =0 (43)

x! + (cabfu+ 2))xl 4 (Toy + 7> = Dxe + o, =0 (4b)

An important advantage of employing a formulation in terms of
complex variables is because the corresponding characteristic
equation has order three instead of six because each of its solutions
has multiplicity two in the original system of Eqgs. (2).

B. Characteristic Equation

To investigate the stability of the linear system in Eqs. (4), we use
the “ansatz” exp(pr) for the solutions w.(r) and x.(z) of Egs. (4).
This leads to the dynamic stiffness matrix Z(p), whose determinant
equals the characteristic equation D(p) of the system in Eqgs. (4):

D(p) = Det[Z(p)]
p_j()'h_l) _j(T()/1+Cn§p)/l :| -0
7 PP+ (c, A/ u+2))p+To+7> -1
)

= Det[

The function D(p) is a third-degree polynomial of the variable
p = o + jw and can be expressed as

D(p) =p*+ap* +a;p+ay=0 (6)

Next, the coefficients in Eq. (6) are split up explicitly in their real and
imaginary parts:

ay = ap, + jay; (7a)



Downloaded by Jozef van der Ha on March 25, 2015 | http://arc.aiaa.org | DOI: 10.2514/1.G000123

764 JANSSENS AND VAN DER HA

with a,, =c¢,A/u (7b)

ay =3-4 (7¢0)

ay = ay, + jay; (8a)

with ay, =Ty, +7>+24, -3 (8b)
ay; = c (A —24)/p o)

ayg = 0+ jay; (9a)

with ag; =T, — (4 = (> = 1) (9b)

The condition for the existence of constant (i.e., zero frequency
p = 0)solutions of the system in Eqs. (4) is satisfied if the coefficient
ag; in Eq. (9b) vanishes. This condition is identical to Eq. (19b) of [1],
which confirms that the condition for constant solutions does not
depend on the damping coefficient and remains valid in the presence
of damping (i.e., when ¢, # 0).

In the absence of damping, the parameter ¢, vanishes and the
coefficient a, (in addition to ag) is purely imaginary, whereas a; is
purely real. After changing the variable p into p; = jp = —w + jo,
all coefficients a;(j = 0, 1,2) of D(p;) in Eq. (6) become real and
the associated solutions are oscillatory stable. Thus, the stability
condition is satisfied if all roots of D(p;) = 0 are real. This result is
already known from Eq. (26) and the following text in [1].

The expressions in Eqgs. (6-9) show that, in general, the
coefficients a;(j = 0, 1,2) of the polynomial D(p) in Eq. (6) are
complex. The Routh-Hurwitz theorem holds only for equations with
real coefficients and can thus not be used for the present third-order
formulation. (For a sixth-order system, the application of the Routh—
Hurwitz theorem becomes too complicated [3].) Gantmacher [6]
presents a generalization of the Routh—Hurwitz theorem for a system
with complex coefficients but, unfortunately, not all conditions of his
theorem are satisfied in the present case. Therefore, a different novel
approach is proposed here. The properties of the roots of the
characteristic equation D(p) are evaluated by studying an equivalent
system of equations with real coefficients in the real variables o
and w.

The complex characteristic equation D(p) = 0inEq. (6)is splitup
(by writing p = ¢ + jw) into two polynomial equations for its real
and imaginary parts, which contain only real variables:

Re{D(p)} = 63 + a2r62 + blrU + b()r =0 (103)

Im{D(p)} = by;6*> + b6 + by; =0 (10b)
with

by, = To, + 7> + (1 + 0){24, = 3(1 + w)} (11a)

bOr = —CnCUA(I +w-— j'Y)/M (llb)
by = 3(1 + @) — A (12a)
by = c,A(l + 20— A)/u (12b)

by = (1 + @)To; + (1 + @ — ) {r* — (1 + w)*} (12¢)

It may be noted that A = 4, /A, (with 4, > 1) clarifies the physical
interpretation of the parameter A, which has also been used by Yam
etal. [4].

IV. Stability Investigations
A. Stability in Absence of Damping
In the absence of damping, the parameter ¢, = 0 so that the

coefficients a,,, by,, and by; vanish according to Egs. (7b), (11b), and
(12b). Therefore, Eq. (10a) is reduced to

Re{D(p)} = (6° + by, )o =0 (13a)
=6=0 (13b)
or ¢ =-by, (13c)

1. Casec =0

These are the solutions with oscillatory stability. Because of the
condition in Eq. (10b), they can only exist if also

Im{D(p)} = by;6* + by; =0 (14a)

=by = 0 To — (4 — @) (¥ —0}) =0 (14b)

where w; = 1 4+ w. For vanishing @, Eq. (14b) reproduces the
relationship T, (y?) for the constant solutions, see Eq. (19b) of [1].

The condition for oscillatory stability requires that all three roots
; (j = 1,2,3) of the third-order polynomial in Eq. (14b) must be
real. This is due to the fact that complex roots occur always in
conjugate pairs and their imaginary parts are in fact ¢ values in the
original variable p. The one root of the pair that has the positive
imaginary part leads to an instability. The equation that expresses this
condition produces the stability curve (in the absence of damping)
that was established in Eqs. (27) of [1].

2. Casec* = —b,,

Under this condition, the two roots are
033 = £/ =by, (15)

Aslongas by, < Ois satisfied, both solutions o, 5 are real. Obviously,
the positive root o, leads to instability in this case.

B. Stability in Presence of Damping

In the general case, damping is present and the parameter c,, # 0.
Equation (6) shows that constant solutions p = 0 (i.e., 6 = @ = 0)
exist in the particular case when a vanishes. Equation (9b) indicates
that a contains only an imaginary part so that

agi = Tor— (4 = D> = 1) =0 (16)

This is the condition for the existence of constant solutions that was
established and interpreted in Eq. (19b) of [1]. It is important to
recognize that Eq. (16) provides only a sufficient condition for o = 0.
The necessary and sufficient conditions are given by Egs. (11b) and
(120):

bOr = bOi = 0 (17)

The first part of Eq. (17) leads to the following conditions [see
Eq. (L1b)]:

by, = —c,0A(l +w—4)/u=0 (18a)
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>0 =0 (18b)

or w=21—1 (18¢c)

where 1, = 4, /A and A, < 1 is a prolate system. The fact that c = 0
can only be achieved when w takes one of the two values specified in
Eqgs. (18b) and (18c¢) is a remarkable result. It offers the possibility to
analyze the sign of ¢ (which defines the stability) in the neighborhood
of the w values in Eqs. (18b) and (18c) and ¢ = 0 by using a
straightforward linearization procedure. The first-order deviations
from the reference values 6 =0 and w =0 (or w =4, — 1,
respectively) are denoted by do and dw.

The linear equations in d¢ and dw can readily be derived from
Eqgs. (10a) and (10b). Because the reference value of ¢ vanishes, only
the constant and linear terms in ¢ need to be considered. The four
coefficients b (j = 0,1;k = r,i) contain the variable @, which
must now be replaced by @,y + 6w (where w,; stands for either zero
or A, — 1). The coefficients of dc in Egs. (10a) and (10b) are by (wyt),
k = r, i, respectively. The coefficients of dw in Eqs. (10a) and (10b)
and any constant terms follow after expanding b (@.s + dw),
k = r, i, for small dw.

1. Casel:w=0

First, we note that, by substituting @ = 0 in the second condition
of Eqgs. (17), we find from Eq. (14b)

byi(w; =1)=0 (19a)

L =Ty-4-DE-1)=0 (19b)
This recovers the condition for the existence of constant solutions
in Eq. (16).
The linearization procedure outlined earlier yields the following
linear system of equations:

Béo — Asw = 0 (20a)

Ado + Béw = —L, (20b)
where the constant parameters A and B are defined by

A= c,(A=Jy)/u (21a)

B=Ty +7*+24,-3 (21b)
The solutions do and dw of Eqs. (20) are

86 = —AL,/(A? + B?) (22a)

8w = —BL, /(A + B?) (22b)
and the signs of these solutions are given by

sign{do} = —sign{AL} (23a)

sign{dw} = —sign{BL,} (23b)

There are two cases that need to be considered depending on the sign
of A:

a)A>0=>A>1,=> 4 =4,/A <1 (prolate system) (24a)

b)A<0=> A<, > 1, =4,/A > 1 (oblate system) (24b)

In case a, we see that the sign of o is opposite to the sign of L;.
Therefore, do is negative (which implies stability) for points above
the line L. In case b, we find that the half-plane of negative ¢ values
lies below the line L;. Thus, the line L, is part of the stability
boundary.

2. Case2:w=2—1

This is the second w value that satisfies the necessary and sufficient
conditions in Egs. (17). When inserting this value into the second part
of Egs. (17), we find

byi(wy = 25) =0 (25a)

SL=Ty-(A-D)(*-2)=0 (25b)

An interesting alternative form of Eq. (25b) is found by multiplying it
by (1/4)* = (A/2)*:

LQ_TO/IAZ }’2A2
2= G-
s b b

=N+ (To+PIA2+A-1=0 (26)

When substituting 4, for A in Eq. (26), we find that the result
becomes identical to Eq. (C.3) of [1]. This indicates that the envelope
of L, over the range of parameters A is the undamped stability curve
in precisely the same manner as is the case for L; with respect to the
parameter 4;,. Therefore, we can conclude that the line L, will never
enter the unstable zone of the undamped case. This property is
important for the following parametric discussion.

The application of the same linearization procedure to the refer-
ence value ® = A; — 1 leads to the linear system

B'60c + Adw =0 (27a)

—Abo + B'éw = —A,L, (27b)
where the abbreviation B’ is defined by
B' =Ty + 1" + 4,24, — 34) (28)

The resulting system in Eqs. (27) has the same structure as Egs. (20)
when replacing A by —A, B by B’, and L, by 4,L,. Therefore, the
solutions are identical in structure to those in Egs. (22):

86 = A, L,A/(A? + B7?) (29a)

8w = —A,L,B' /(A2 + B"?) (29b)

In this second case, the conclusions are opposite to those of the case
o = 0.Inthe case A > 0, the sign of do equals the sign of AL, so that
o is negative (implying stability) for points below the line L,. This
means that the prolate system has its stable half-plane below the line
L,. On the other hand, the oblate system has its stable half-plane (with
negative o values) above the line L,.

C. Summary of Stability Regions

In summary, the lines L; and L, together define the stability
boundaries for the system including damping. When plotting these
lines in the {y?, Ty,} plane, we can identify the region that corre-
sponds to ¢ < 0 for both lines L and L,. This is illustrated in Figs. 2a
and 2b for a prolate and an oblate system, respectively. The open
colored triangular regions indicate where the system is asymp-
totically stable (i.e., when satisfying ¢ < 0). For the prolate system in
Fig. 2a, the body is a fortiori prolate, whereas the body may still be
slightly prolate for the oblate system in Fig. 2b. As mentioned earlier,
both lines L and L, are tangent to the undamped stability curve for
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Fig.2 Illustration of asymptotic stability regions for prolate and oblate
systems.

the prolate and oblate configurations. The coefficients of L, depend
only on 4, whereas those of L, depend also on the particle mass .

Table 3 summarizes the relevant physical and derived auxiliary
input parameters that have been used in Figs. 2a and 2b, respectively.
The definitions of these parameters and their units are listed in
Tables 1 and 2. In all cases, the spin rate is taken as = 72 rpm and
the particle’s vertical coordinate is / = —1.5 m.

The point C in Figs. 2a and 2b defines the crossing of the lines L
and L,. It represents the vertex of the asymptotic stability region and
has the coordinates

re =74C) = (1= +4;)/A (30a)
Tose = Tos(C) = (1= 2,) (1 + 2) (1 = A,/ 2) = uS(y2 —23) (30b)

Table 3 Physical and auxiliary input parameters

Physical parameters  Values  Auxiliary parameters  Values

Prolate case, Fig. 2a

M 586.56 u 0.029774

m 18 A 0.67085

C 377.69 S 2.3442

Ap 563.0 A 1.0698

F 72000 fn 3.3744
Oblate case, Fig. 2b

M 325.87 u 0.029774

m 10 Ay 1.5

C 500 ) 2.1999

Ay 333.33 A 1.0655

F 72000 fn 5.6993

04 I
= Linell = Linel2
0.3 - 0%offn --- 20 %offn
--- 40 %offn —— 60 %offn
0.2 - 80 %offn —-- 100 %of fn I
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Stability

Stability Function 702
o
[
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Fig. 3 Stability of prolate system (4; < 1) for different thrust levels.

For an arbitrary value y2 to the right of point C, we find that the lower
and upper bounds of Ty, within the triangular stability region corre-
spond to the crossing points of y> = y2 with the lines L, and L, (see
points 7; and 7', in Fig. 2a). This result will be used in the next section.

In the special case 4, = A we find 4, = 1 and C = A, which
implies that all three system inertias are equal. In this case, the lines
L and L, coincide and the stability region disappears altogether.
This confirms that asymptotic stabilization is not possible for a
spherical system.

Itis surprising that the damping is capable of producing asymptotic
stability in the presence of a thrust force for oblate as well as prolate
configurations. In the case of a rigid spinner without thrust, the
damping is always destabilizing for a prolate system and always
stabilizing for an oblate system.

Finally, we mention that the results shown in Fig. 2 are in full
agreement with those given by Halsmer and Mingori [3], where the
lines L; and L, correspond to Ty(q,) and To(ga ), respectively.

V. Interpretation of Stability Results
A. Parametric Interpretations

Because the damping coefficient ¢ does not affect the stability
boundaries, the system stability is governed by the remaining eight
independent parameters in Table 1. To understand the influence of the
mass-spring characteristics {m, k}, the stability results established
earlier will now be interpreted in terms of the parametric representa-
tions of the physical inputs y and k within the (y2, T,;) plane as pro-
posed in Egs. (33) in [1]. In the present notations, these equations are

To,(r*: 1) = u(y* = f) (31a)

TOA(yz;kn) = kn{] _fn/(a}/z)} (31b)

When comparing the linear relationship of T, as function of y? in
Eq. (31a) with the definition of the line L, in Eq. (25b), we find that
they have equal slopes (because A — 1 = ud). Thus, when consider-
ing a given particle mass m, the systems with the corresponding u
(m, M) value correspond to a set of parallel lines within the {y?, T}
plane. The intercept on the 7'y, axis equals —u f,,. The definition of f,
in Table 2 indicates that f,, > 0 and increases with the thrust level F
and lever arm |I|. On the other hand, f,, decreases with the transverse
inertia A, and the square of the spin rate Q.

B. Prolate Configuration

Figure 3 illustrates the results for a prolate configuration based on
the inputs in Table 3. The dotted lines are parallel to line L, and
represent the constant mass ratio associated with m = 18 kg. The
upper line represents the no-thrust case f,, = 0 and the subsequent
lower parallel lines refer to increasing thrust levels up to 100% of the
Ulysses injection thrust (i.e., f,, = 3.3744).
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The thrust level that coincides with the blue line L, can be
calculated from the equality of Eqs. (25b) and (31a) at the point C
(y* = y?) and its value s f,,. = 62 (whichis 27.3% of the maximum
thrust in Fig. 3). Thus, the point C with coordinates (y2, To,.) is
associated with this specific thrust level f ...

Equations (30a) and (30b) show that both y2 and T, are positive
for the prolate case. The parameter 6 depends only on the body data
M, A,, and lever arm [. In practice, we always have 1, > A, ud is
small, and A is slightly above one. Therefore, y2 = wZs/u; in
Eq. (30a) is slightly below one so that the spring’s resonance fre-
quency is below (but close to) the spin rate. These considerations may
be summarized as follows (with some margin): So that the system lies
within the stable region, it is necessary that the resonance frequency
of the spring-mass system is above the spin rate.

When a set of system parameters is given, the actual minimum
required value of the spring constant k.. can readily be calculated from

ke = megQ*y? (32a)

with 72 = (1-2, +4,)/A (32b)

where m.q = my; = My (see explanation in Sec. IL.B).
For any arbitrary y? value to the right of point C, the stability
interval for T, satisfies the conditions

=D =) <Ty, < (A-D(G* - 2) (33)

The lower bound becomes negative when y? > 1 (see also Fig. 3).

The range of thrust values f, for which T;, remains within the
stable region follows from Eq. (33) by substituting the definition of
T, in Table 2:

=D = 1) <k, —pfn, <(A=1)(*-13) (34)

After eliminating k, with the help of the identity k, = udy* (see
Table 2), we obtain:

83 < fu <{(A=2)r* — (1 = Ap)}/m (35)

Thus, the minimum thrust value f,, for asymptotic stability is
independent of the spring constant and is given by

Som = fne =043 (36)

This minimum value is valid on the line L, in Fig. 3 and is the only
thrust level for y?> = y2. For the inputs considered here (see Table 3),
we find the result f,,,, = 0.9218, which corresponds to the physical
force F,, = ApQ2f,m/]ll = 19,669 N. This result amounts to
27.3% of the Ulysses injection thrust of 72,000 N. For increasing
values of y2, a range of thrust levels opens up within the stability
region in Fig. 3.

The maximum allowable thrust value is a priori given by the right-
hand side of the inequality in Eq. (35) and depends, of course, on the
spring constant (via y2). For illustration, we consider the value y> =
1, which is slightly larger than y2. For this value, we find f,) =
0 = 23442 or Fy; = 50,018 N, which is 69.5% of the Ulysses
injection thrust (see also Fig. 3). Vice versa, a given thrust level
requires a minimum value of the spring constant. For instance, when
considering the actual Ulysses thrust level of f, = 3.3744, the
minimum required value for y? can be calculated from Eq. (35):

P =2t @7
— 4y + ,M5
which gives yfnin = 1.0769 (i.e., point D in Fig. 3). This result
confirms that the normalized resonance frequency @,; = 1.0222 is
just above one.
Next, we focus on the characteristics of the roots. Numerical
calculations indicate that root 1 has |w| ~ 2 with a real part that is

always negative. Roots 2 and 3 have imaginary parts, which are the
continuations of the nutation frequency and zero frequency, respec-
tively. Their real parts are fairly small and may be positive or negative.

Figure 4a shows the real parts of roots 2 and 3 as functions of the
thrust level f, while traversing the stable region in Fig. 3 along the
vertical line y?> = 1.237. Figure 4b shows the corresponding complex
roots. The ¢’s of roots 2 and 3 are negative only inside the stable
region. The ¢ value of root 2 goes from positive to negative when
entering the stable region from above (i.e., the line L2 in Fig. 3 and the
curves associated with root # 2 in Figs. 4a and 4b). The real part of
root 3 is already negative when entering the stable region from above.
Subsequently, it moves "along the curves associated with root # 3 in
the direction of the arrows in Figs. 4a and 4b. Finally, it crosses the
stability boundary ¢ = Oat f,, = 5.520in Fig. 4a, while crossing line
L, in Fig. 3 from above (on the vertical line y*> = 1.237).

The negative real parts of roots 2 and 3 become equal when
fn = 4.189 in Figs. 4a and 4b (i.e. at the value 6., = —0.001312).
Because |o]| is the inverse of the time constant of an exponential
decay, it will take 3/|oeq| spin periods to reduce a nutation distur-
bance to 5% of its initial value during thrusting. This number of spin
periods contains more nutation periods than the periods of the low
frequency (i.e., root 3). A priori, the point where these two negative o
values become equal may be interpreted as having “maximum”
stability. However, the impacts of the two roots on the nutation
damping may be very different and should be taken into account.

The damping coefficient ¢, = 1073 gives 3/ |oeql = 2286 spin
periods or 38 min at 60 rpm. The larger damping ¢, = 1072 leads to
fn =4.174, 6,4 = —0.01278, and only 3.9 min at 60 rpm.

C. Oblate Configuration

The stability region of the oblate configuration is shown in Fig. 5
with inputs specified in Table 3, which were also used in Fig. 2b. The
slope of line L; is now positive and corresponds to the upper

0.001
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Fig. 4 Prolate system (inputs in Table 3; ¢, = 1073): a) real parts of
roots vs thrust; b) complex roots.
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Fig. 5 Stability of oblate system (4, > 1) for different thrust levels.

boundary of the stability zone. It is clear from Eqgs. (30a) and (30b)
and from Figs. 2band 5 thaty2 < 1 and Ty, < O for the oblate system.

The two inequalities in Eq. (35) swap sides because L, is now the
upper stability boundary of Ty, and L, is the lower boundary.
Therefore, the limit 542, which is independent of the spring constant,
is the maximum allowed thrust value for stability in this case. This
limit corresponds to the 76.5% thrust line in Fig. 5. The minimum
physically possible value of the thrust level is zero. This constraint
changes the open triangle to a zone bounded by two parallel lines and
a segment of the line L,. The lower limit y2,;, for the spring constant
that stabilizes the system for zero thrust and for the given particle
mass follows from Eq. (35):

, 1=
Vmin = 1 _/lb _"_”5 (38)
This coordinate corresponds to point E (with y% = 1.1507) in Fig. 5
and makes the shape of the stability region become trapezoidal.

Figure 6a shows the real parts of the roots 2 and 3 as functions of
the thrust f, for an oblate body with inertiaratio 4, = 1.5. The inputs
are given in Table 3 and are the same as used in Fig. 5. The results
indicate that the stable range (i.e., ¢ < 0) stretches up to f,, = 4.360
(i.e., 76.5% of the maximum thrust in the oblate case) where the real
part of root 3 vanishes. In the absence of thrust, the system is stable
because both ¢ values are negative in Fig. 6a.

Figures 6a and 6b show that the damping of root 2 (which is now
the continuation of the constant solution) increases for larger thrust
levels. Root 3 (i.e., the continuation of the nutation frequency)
provides strong damping in the absence of thrust but the damping
diminishes as the thrust increases and eventually leads to instability
when f, > 4.360. Also, in the oblate case, the root 1 (not shown)
with |o| = 2 always has a negative real part.

D. Application to Ulysses with Low Particle Mass Ratio

In the previous sections, the thrust was considered a variable
parameter, whereas the stability zone was traversed along a vertical
line of constant y? value. Here, we consider the case in which the
prolate Ulysses configuration in Figs. 2a and 3 will be stabilized by a
particle with mass ratio y of, at most, 1% (i.e., m < 5.925 kg) for the
full-thrust case. Apart from m and g, the other inputs specified in
Table 3 remain valid here.

Figure 7 shows the two stability boundary lines L, and L, as well
as the point D, which is the vertex of the stability region. The point B
corresponds to the location at which T)y; vanishes. Equation (31a)
givesys = f,/8 = F/(MQ?|l]). Consequently, the lines of constant
positive u values have Ty, < Ofory? < y3 and Ty, > Ofory? > y2. At
the 100% Ulysses thrust level, we have y3 = 1.435 > 1 and the parts
of the stability region where T, is positive (negative) to the left
(right) of y% are eliminated for positive u values. The full-thrust
1 = 1% line enters the stability triangle at point D and stabilization is
possible for y> > y% = 1.029. The coordinate y2 corresponds to
k, = 0.02413 or k = A,(Q?/1*)k, = 343.2 N/m.
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Fig. 6 Oblate system (inputs in Table 3; ¢, = 1073): a) real parts of
roots vs thrust; b) complex roots.

The two small colored triangles in Fig. 7 are the remainders of the
original open triangular region (shown in Fig. 3), where asymptotic
stability is possible for mass ratios y below 1% under the assumed
inputs for this case.

Figure 8 shows the real parts of the roots 2 and 3 as a function of 2.
The line associated with root 2, which is the continuation of the zero
solution. It becomes negative when y? exceeds 1.029 and decreases
gradually for increasing 2. The damping forroot 3 (i.e., the perturbed
nutation frequency) is also shown in Fig. 8. The value of
o is already negative when entering the stability region but keeps
increasing monotonically for larger stiffness values. The damping
produced by the frequency of root 1 is systematically an order of
magnitude larger (not shown).
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Fig. 7 Stabilization of prolate Ulysses system for u < 0.01.
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VI. Conclusions

The effectiveness of a damped mass-spring system on a spinning
satellite under axial thrust is investigated in detail by using
Lyapunov’s first method. It is found that the transition from asymp-
totically stable to unstable can occur for only two values of the system
frequency. This allows calculating the asymptotic stability bound-
aries by a standard linearization procedure of a system of two
equations with real coefficients, which is equivalent to the system’s
characteristic equation. Analyses and simulations confirm that both
prolate and oblate spinners can be stabilized by such a system. Valu-
able new visualizations and interpretations are established in terms of
the adaptation of the familiar maximume-axis rule to a spinner under
axial thrust. First of all, an oblate spinner under axial thrust may be
destabilized by the damping system considered here. A new result is
that this happens in any case if the thrust exceeds a certain threshold
level. In the case of a prolate spinner, for which damping is always
destabilizing in the absence of thrust, ranges for the values of the mass
and spring constant exist where the system can be stabilized under
axial thrust. A numerical example based on the Ulysses injection
parameters indicates that it is not obvious that a nutation damper
consisting of such a damped mass-spring system would be suitable
for applications in which the damping time is limited. Finally, it may
be of interest to investigate whether similar results for the damping
capabilities under axial thrust also apply to more common nutation
dampers such as fluid-in-ring or fluid-in-tube systems.

Appendix A: First Integral for the Undamped Case

Al System of Equations

The system of equations in real form is given in Eqgs. (2). In the
absence of damping (i.e., when ¢,, = 0) this system can be simplified
as follows:

wl/ + (’111 - 1)0)2 + T(sz/l =0 (Ala)
= (A = Doy =Tox /=0 (Alb)
=2x5 + (Toz + 7% = Dxy + Aplw; =0 (Alc)

x5+ 2x] + (Toy + 7> = Dxy + Aplw, =0 (Ald)

We introduce the state vector x = (@, X, Uy, @, X5, V)7 withv, =
—x{ and v, = xj. Next, we express Eqgs. (Al) in the form x’ = Ax
with the 6 x 6 matrix A defined by

[0 -4
A_[Al 0} (A2a)

Ay — 1 Toi/! 0
} (A2b)

with A, =[ 0 0 1
l/lb T()l + }’2 -1 -2

The state vector x adopted here is similar to the one used in Eq. (20) of
Halsmer et al. [3] except for the different sign of v, which is needed
for establishing the structure of the matrix A in Eqs. (A2).

A2 Construction of First Integral

Equations (A1) are convenient for building a firstintegral. First, we
multiply each of Egs. (Ala) and (A1b), which are normalized by the
spin rate, with its corresponding w;(i = 1, 2) and add the results:

1d T,
——T(@% + w3) = %(xlwz —X01) (A3)

Similarly, after multiplying the equations for x; in Egs. (Alc) and
(A1d) with its corresponding x/ (i = 1, 2) and adding the results, we
find:

1d
Ed—f{(x;2 +x2) + (To; + 77 — D(x] + x3)}

= -4 (x{0; + xjw,) (A4)

Next, we multiply each equation for w;(i = 1, 2) in Egs. (Ala) and
(Alb) with its corresponding x; (for i = 1, 2) and add the results:

xXjw] + X0; = —(4y — D) (xj0; — x,0;) (AS)

Then we eliminate the term (x;®, — X,®1) on the right-hand side of
Eq. (A3) with the help of Eq. (A5) and find:

T

1d 2 2\
2a @ T ) =T

(x10{ + x0}) (A6)

Finally, we multiply both sides of Eq. (A4) by the constant term
Toa/ (P2, (2 = D}

1 To;
2m S AOP +2P) + To + 77 = DG +3)}
b
Tos
=1, o1y i@ + 502 (A7)

The bracketed terms on the right-hand sides of Eqs. (A6) and (A7)
can be combined into the derivative of (x;w; + x,®,). Furthermore,
the derivative terms on the left-hand sides of Egs. (A6) and (A7) can
be merged, and so we find, by adding Eqs (A6) and (A7):

1d Ty,
EE{W%‘M’%'FW[(X 2)+(Tm+}’2—1)(?€%+x§)]}
T d
= l(/lhm Ddr —(xj@; + X0,) (A8)

Equation (A8) is equivalent to the total differential dV = 0 with
corresponding first integral V:

+ (To; + 77 = DT+ x3)} + (xj@1 + x,m,)  (A9)

2T,
(4, = 1)
V is a quadratic function of the state vector x (i.e. V = x” Bx), with
the matrix B defined by:
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B 19) . lzllh l/th3 0
B = |:01 B ] with Bl = m lle:‘, CrC3 0
! 0 0 o

(A10)

The matrix B and its elements have the following properties and
definitions:

B =BT (Alla)
B, = B{ (Al1b)
c=Ty+7r -1 (Allc)
c3 =To/(Ap=1) (Alld)

If B were a positive-definite matrix, then the first integral V in
Eq. (A9) would be a Lyapunov function. Furthermore, because the
derivative of V along a solution trajectory is zero (i.e., V' < 0) by
design, we have a sufficient condition for oscillatory stability. (Note,
only when V' < 0 do we have a necessary and sufficient condition for
asymptotic stability). So that the matrix B is positive definite, it is
necessary and sufficient (according to Sylvester’s criterion) that all of
its three leading principal minors are positive. This leads to the
following two nontrivial conditions:

% (% - 03) >0 (A12a)
S (2_.\so (A12b)
Pa,\a,

The positive /> and /* terms may be dropped so that Egs. (A12a) and
(A12b) yield the following conditions:

a) Cy > }LbC:; => T(),{ + ]/2 -1> j’bTOX/(ib - 1) (A13a)

b) Cc3 > 0> TOA/(/lh - 1) >0 (Al3b)

Here, the different signs of 4, — 1 need to be distinguished because it
is negative for a prolate body and positive for an oblate body. For the
prolate body (i.e., 0 < 4;, < 1), Egs. (Al3a) and (A13b) produce

To; > (= D(G* = 1) (Alda)

and Ty, <0 (A14b)

The first condition states that the region of oscillatory stability (see
[1])is above the line L, which is consistent with the results shown in
Figs. 2a and 3. The second condition, however, limits the region to
negative values of T, so that the remaining area covers only part of
the oscillatory stable region of the {T;, y*} plane.

It can be confirmed that similar conditions as in Egs. (Al4a) and
(A14b) also hold for an oblate satellite body (i.e., 1 < 4, < 2) except
that the two inequality signs will be inverted. The comparison with
the results in Fig. 2b shows that, also for the oblate case, the resulting
region covers only part of the stability region.

These results confirm that the stability results obtained from a
Lyapunov function are sufficient (see Miiller [8]) and depend on the
particular Lyapunov function that is being used. Although the first
integral found here is constructed in a similar way as an energy
integral, it is not the total energy of the system.

Appendix B: First Integral with Change of Variables

Now the variables w; are replaced by w; = w;I(i = 1,2)and x{, x;
are replaced by

Up1 :)CZ—IU2—X], (Bla)

Upp = X1 — W) +.Xé (Blb)

where vy; (i = 1, 2) is the particle’s velocity in the body frame when
the rotation of the body with reference point O,, is taken into account.
The new variables w; = w;/ (for i = 1,2) are linear velocities.
Because the independent variable 7 is nondimensional, the velocities
Qx; (i = 1,2) appear to have the dimension of distance.

In terms of the new variables x,, = (wy, X|, Uy, Wy, X, Up; )" the
system of Eqs. (Al) becomes

wi = —(4, — Dw, = Tox, (B2a)
wy = (4 = Dwy + Tozxy (B2b)
X{ = —wy + X3 — Uy (B2¢)
Xy = Wy =X + Upp (B2d)
vp = —vp + 72X (B2e)

Upp = Up1 = 7 X2 (B2f)

When writing Eqs. (B2) in matrix form (i.e., x;, = A,,;,,), we find
that the matrix structure of A, is identical to the one in Eq. (A2a):

— 0 _Aln
A, = [Am . ] (B3a)
with A, =| 1 =1 1 (B3b)
0 -2 1

The first integral for the new system in Eqs. (B2) can now easily be
obtained from

wiw + waw;y = =T (0w —xw;) (B4a)
XpX{ + x5xy = (Xawy — X1wy) — (X[ Vp1 — X Vp2) (B4b)
Up1 V1 + VpVhy = 72 (X1Vp1 — X2Up2) (B4c)

When adding the terms of Eqs. (B4) with respective coefficients
{1, To;. To/7*} we obtain the new total differential V,,. Thus, the first
integral in terms of the new state vector x,, is

T
Vo= witud 4 To0d +0) + 5005 £k (B

This result is a quadratic form on a diagonal matrix, which is

positive definite when T,; > O (from Sylvester’s criterion). By

construction, we have V, = 0. Therefore, in terms of this new state
vector, it is clear that the first integral V,, is indeed a Lyapunov
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function. This also confirms that the system is oscillatory stable
when T, > 0.

Again, this sufficient condition does not produce the total
oscillatory stable region for the undamped case (see [1]). In Halsmer
and Mingori [3], a Lyapunov function with V' < 0 has been con-
structed for the system including damping. When this Lyapunov
function is positive definite, we have a necessary and sufficient
condition for asymptotic stability and the results are in full agreement
with the Lyapunov direct method used in this paper.
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