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Attitude Determination Covariance Analysis
for Geostationary Transfer Orbits

Jozef C. Van der Ha*
European Space Operations Centre ESA, Darmstadt, FRG

Fundamental biases in V-slit sun and pencil-beam infrared Earth sensor measurements are identified and
modeled in terms of representative covariances. Their effects on attitude determination accuracy are assessed by
means of covariance transformations following the calculations involved in a realistic attitude estimation pro-
cess. The results are useful in identifying the best attitude determination intervals and for providing quantitative
estimates of the expected error for selected lannch configurations. On this basis the most favorable sensor set-
tings can be selected for a given launch window. This is of particular interest for present-day communication
satellites equipped with variable sensor mountings which can be adjusted before launch.

Introduction

O date, all nine European Space Agency (ESA) satellites

successfully launched into geostationary transfer orbit
were spin stabilized. The accuracy with which the spin axis
orientation can be determined is of crucial importance. At-
titude determination errors, namely, result in orbit injection
errors during apogee motor firing (AMF) which need to be
corrected by means of the normal-mode reaction control
system afterward. There is a strong incentive to minimize the
fuel required for these so-called acquisition maneuvers since
any savings achieved here result directly in a prolongation of
the prospective mission lifetime.

The spin axis attitude -determination of these satellites is
based on measurements resulting from V-slit sun sensors and
pencil-beam infrared Earth sensors. It is evident that the ac-
curacy of the attitude estimate depends critically on the in-
herent modeling errors of the sensor signals. Two classes of
measurement errors may be distinguished, i.e., random and
systematic errors. The former class of errors is the result of
stochastic fluctuations in the realization of a particular
measurement induced, for instance, by limitations in the preci-
sion of the sensing instrumentation. To a lesser extent, the
quantization in the onboard registration of the measurement
data also plays a role. It is essential to recognize that the in-
fluence of random errors on the estimation accuracy can
essentially be eliminated by simply considering a sufficiently
large batch of measurement data.

On the other hand, systematic errors are far more serious
since their adverse influence on the estimation accuracy can-
not be removed in a straightforward manner. The sources for
this type of error are manyfold: sensor mounting mis-
alignments, electronic triggering delays, spin axis tilt with
respect to the designed spin axis, sensor calibration offsets, in-
frared profile modeling errors due to seasonal or local varia-
tions, and orbit determination, or sun ephemeris errors. In
principle, an extended state model could be devised containing
certain well-selected biases to be estimated along with the at-
titude angles. It should be recognized, however, that the
observability . of individual state parameters to be estimated

becomes problematic if all relevant biases are included in the.

state model. For isolated biases this approach has been fol-
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lowed in a few cases (e.g., see Ref. 1, Secs. 13.2 and 14.2), b,
in general, the implementation of a quick and reliable bias
estimation in operational software is extremely difficult.

In any case, it is of interest to understand the characteristics
of the propagation of measurement biases into the resulting
attitude estimate. This knowledge would allow the selection of
favorable sensor settings and attitude determination intervals
in order to minimize the adverse effects induced by systematic
measurement errors. In the present paper, a method is
presented which allows the calculation of the covariances of
the attitude angles on the basis of representative variances of
all relevant measurement biases. The results are useful for
analyzing the sensitivity of error magnification to sensor
design parameters (e.g., alignments) and geometrical con-
figurations (e.g., sun-Earth colinearity). Provided that the
choice of input bias covariances is realistic, a quantitative
assessment of the attitude error to be expected in a particular
configuration is established. It should be recognized that the
effect of a particular bias on the attitude determination result
typically would vary only slowly in relation to the measure-
ment sample period. Therefore, the error covariances ob-
tained from a single-frame attitude determination method!?
can often be considered representative of the error from a
small batch of measurement data as well. .

The study is of particular importance for selecting optimal
sensor settings for ESA’s European Communications Satellite
(ECS)-type communication satellites equipped with variable
sensor mountings which can be adjusted (within a range of 19
deg) before launch. The benefits are not insignificant: im-
provement in attitude knowledge at apogee motor firing by as
little as 0.13 deg may well translate into a lifetime extension on
the order of one month.

Modeling of Sensor Measurement Biases

Sensor measurements consist of the registration of event
times corresponding to the sun sensor meridian and skew slits
crossing the center of the sun’s disk and the Earth sensor
pencil-beams crossing the Earth’s horizon. Since mea-
surements normally can be processed onboard from at most
two pencil-beams simultaneously, there are typically four or
six discrete event times available over one spin period: f,, &;:
sun sensor meridian, skew slit event times; #,, #;: first pencil-
beam horizon in, out events; and £,, 5: second pencil-beam
horizon in, out events.

In a typical sequence of events in transfer orbit three dif-
ferent coverage intervals may be distinguished: 1) the first
pencil-beam has coverage, 2) both beams have coverage, 3)
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only the second beam has coverage. The sun sensor, of course,
normally has coverage over the whole transfer orbit.

In the on-ground processing of the event times the sun me-
ridian slit crossing time ¢, is taken as reference in the calcula-
tion of the rotation angles:

yi=w(t—ty), J=1,...,5 )

where w is the constant spin rate. The rotation angles
Y= (¥15-..,y5)7 are directly related to the angular mea-
surements ¢, o, and k shown in Figs. 1 and 2:

V=@ o) — Ky, 0 + K1 ,0 —Kpp0y +Kp) T )

The angle ¢ designates the rotation angle between the sun oc-
currence in the meridian and skew slits, «; refers to the
sun/Earth azimuth angle as measured by the ith pencil-beam,
and «; is the corresponding Earth’s half-chordlength angle.

Sun Sensor Measurement Biases

Sun sensor measurement biases may be categorized accord-
ing to the following error sources:

1) Optical bias designates the offset in the electronically
registered sun crossing event time relative to the ideal event
time, i.e., when the center of the sun’s disk crosses the
centerline of the sun sensor slits. The differential bias between
meridian and skew pulse registration [estimated at 0.1 deg
(o)1 directly affects the ¢ rotation angle measurement,
whereas a uniform delay (of similar order) leads to a
sun/Earth azimuth bias.

2) Mounting error is due to alignment imperfections. A
mounting offset in a direction along the meridian slit plane
would directly result in a measurement bias in the ¢ rotation
angle, Fig. 3. On the other hand, a mounting displacement
along the spacecraft equator plane would introduce a
sun/Earth azimuth angle bias (unless the pencil-beams are
subjected to the same misalignment).

3) Elevation error refers to a rotation of the sensor planes
such that the spin axis does not lie in the meridian slit plane.
This type of bias is less serious than the previous one provided
that the sun crosses near the intersection of the slits.

4) Spin axis tilt describes the offset of the actual dynamic
spin axis relative to the designed geometrical Z axis. Although
spacecraft balancing specifications usually require a tilt angle
of less than 0.1 deg, microgravity conditions may lead to a
larger in-flight value.The spin axis tilt deviation can be broken
up into components along and normal to the meridian slit.
The former component is effectively identical to the first type
of mounting error in type 2, whereas the latter amounts to an
elevation error as described in type 3. For both components
0.12 deg (30) is taken, which includes the relatively less signifi-
cant pure mounting errors.

5) Differential slit separation error is caused by slit
manufacturing irregularities and is taken as 0.02 deg (30).

Other error sources (e.g., ephemeris errors) are ignored here
because they are clearly less significant. Also nutation effects
are excluded as these have a random noise character with
mean value zero (except in case of commensurability between
spin and nutation frequencies).

The results are now summarized by the following offsets:

Ae=0.12deg, Ae=0.12deg, Ai=0.02deg, A7=0.1deg (30)
3)

Here, Ae is the slit intersection offset within the meridian slit
plane (types 2 and 4), as shown in Fig. 3; Ae the elevation error
(types 3 and 4) and is shown in Fig. 4; Aj the differential slit
misalignment » visualized in Fig. 5; A7 denotes the differential
angular bias between the meridian and skew event pulses (type
1) so that A7=A¢,. The uniform delays or mounting offsets
of types 1 and 2 will be incorporated in the Earth sensor error
budget.
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Fig. 1 Geometry of sun sensor measurement ¢.

YA . .
~  spin axis

Earth's
disk

sensor
path

spacecraft
equator

spacecraft
center of mass

Fig. 2 Geometry of Earth sensor measurements «; and «;.
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Fig. 3 Effect of slit intersection bias Ae on measurement .

The subsequent mathematical analysis will use the fact that
the four systematic biases listed in Eqgs. (3) can be considered
to be statistically uncorrelated.

Earth Sensor Measurement Biases

Earth sensor measurement biases may be classified as
follows: "

1) Spin axis tilt is naturally correlated to the same effect en-
countered previously and is described by the same parameters,
Ae and Ae, as given in Egs. (3); however, the contribution of
pure sun sensor mounting errors has been included in these
values. Since Earth and sun sensors are usually contained in
the same physical box their differential mounting error may be
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considered negligible in comparison to the total (combined)
mounting offsets and spin axis tilt effects. It can be shown that
the effect of the Ae tilt component is negligible in first order so
that only Ae has an effective contribution to the Earth sensor
measurements.

2) Sensor pointing error contains actual pencil-beam
mounting and optical axis offsets and may be decomposed in a
component Au of order 0.05 deg (30) in sensor inclination
(Fig. 1) and another one of the same order along the scanning
direction resulting in a sun/Earth azimuth bias.

3) Delay bias represents imperfections in predicted (after
calibration) and realized event pulses. Also Earth oblateness
effects and infrared profile asymmetries may contribute to this
bias. It will be modeled as a uniform delay (again leading to a
sun/Earth azimuth error) and a differential delay of
magnitude Ab=0.2 deg (30). The total sun/Earth azimuth
bias accumulated from delay and pointing errors as well as sun
sensor meridian slit offsets is estimated to be Ad=0.25 deg
(30). Due to the so-called Pagoda effect (e.g., Ref. 1), the dif-
ferential delay errors increase sharply near the edges of the
coverage interval. ’

4) Apparent Earth radius offset describes the radially sym-
metric infrared profile error. On the basis of 15 km (30) uncer-
tainty in the Earth infrared horizon at which triggering occurs,
one may express Ap as a linear function of true anaomaly »
over the coverage interval:

Ap=0.02+5% 104 1180 —»|deg @

The orbit determination error contribution to Ap can be
shown to be relatively insignificant.

5) Sun/Earth angle bias originates from sun ephemeris er-
rors (e.g., parallactic effects due to satellite/Earth relative mo-
tion) and orbit .determination error components. As the
angular position uncertainty is less than 0.03 deg in the apogee
region and the sun ephemeris error is about 0.02 deg, a total
value of Ay =0.05 deg (30) appears conservative.

In summary, the following additional biases have been
introduced: i

Ad=0.25 deg, Ap=0.05deg, Ab=0.2 deg

Ap[Eq. ()],  AY=0.05deg (30) ®

Relationships Between Sensor Measurements and Biases

The rotation angles y;, j=1,...,5, of Egs. (1) and (2) repre-
sent the fundamental measurements resulting from the sun
and Earth sensor event pulses. The linearized functional rela-
tionship between the five-dimensional array of measurement
errors Ay and the corresponding nine-dimensional array of
biases Ab listed successively in Eqgs. (3) and (5) is expressed as

Ay=[M]Ab ©6)

Z spin axis

meridian  skew slit

slit

Fig. 4 Effect of elevation error Ae¢ on ¢.
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The components of the 5 X 9 matrix [M] can be calculated by
means of spherical geometry?:

[ ~fe fi=fo i 1 0 O 0 0 07

hy —fp 0 0 1 —~h -—c¢ -p py
[Ml=| —=hy —f, O 0 1 hy d  p oy
h, —=fo 0 0 1 —h, —c —p, p,

L—h —~fo 0.0 1 hy d, Py Dy |

Q)

with functions
f. =cose tanicos?E + sine tan (¢ + E) [ 1/cose + (cose) /A?]
fo=Asin(¢ + E) —sine
Jfi=cosi tan(¢ + E)/(A%sin’i) — sine cos?E/cos?i

h; = {cosu;sinf cosk; —sinu;cosf}

+ (sinp;sing sink;), i=1,2
ci=1+c(1—K;/K;max)> i=1,2
d;=1+d (1= k;/K;max)> i=1,2
p; =sinp/ (sinu;sink;sinB), i=1,2
p, =sind sina/ (siny sinf) )

The constants A and E are defined as

A = (sin%e + cot?i), E=arctan (sine tani) )
The constants ¢ and d govern the extent of the Pagoda effect
on the differential delay bias as a function of the chordlength
and are taken to be equal to 2. Simulations have shown a low
sensitivity to the value chosen as long as symmetry is pre-
served. The asymmetry starts only close to the edge of the
Earth’s disk where the data should be discarded in any case,
cf. Wertz,'§9.4. The meaning of the remaining symbols ap-
pearing in Eqgs. (8) is obvious from Figs. 1-5.

Since the nine biases are uncorrelated the 5x 5 covariance
matrix of the fundamental measurement y follows from Eq.

(6):

0.2
[cov(y)] =EfAy-AyT) = [M] [

2

0
}[M]T
. 0"‘/,

or
9
leov(y)]y= Y, MyMjat (10)
k=1

where o, =0,,...,09 =0, represents the standard deviations
corresponding to the biases as introduced in Egs. (3) and (5).

Propagation of Measurement Covariances
~ The error covariance matrix of the fundamental rotation

' angle measurements y has been established above on the basis

of the selected sensor measurement biases. Subsequently, the
covariances of the derived observation angles 6, 8, and « (i.e.,
solar aspect angle, Earth colatitude, and sun/Earth azimuth
angle, respectively) will be calculated. These angles form the
essential inputs in to the attitude estimation model to be con-
sidered subsequently.
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Table 1 Variation of 3¢ declination error
over the launch window for three sensor settings

Sensor Launch time (hr:min GMT)
settings, i * -
deg 12:00 12:30 13:00 13:30 14:00
2.5; —1.5 0.31 0.47 0.62 0.49 0.34
8.5; 4.5 0.23 0.36 0.51 0.62 0.44
13.5; 9.5 0.19 0.26 0.40 0.57 0.56

Z spin axis

meridian slit skew s1it

Fig. 5 Effect of differential slit misalignment Aj on ¢.

Covariance Matrix of 0, , and «
As a first step in the transformation from the rotation angle
measurements y in Eq. (2) to the angles 6, 3, and «, the array
7'—'(9:"1:9‘1,"2’912)T amn
is introduced. The solar aspect angle 6 follows directly from
the mé_asurement ¥, = ¢ according to
0(¢) =arctan{cose/[Asin(¢+E)]} (12)
The propagation of the measurement error Ay; =Ag into the
solar aspect angle is governed by the following linearized
relationship:

a0
Af=—r-—Ad=g($)A¢

3% (13)

with

g(e)= —sinf(¢) cosd(¢) cot(p+E) (14
The function g (¢) may be interpreted as the sensitivity coeffi-
cient describing the magnification of a measurement error Ag
into the resulting A6 and is of the order of 1.8 for a slit separa-
tion of 28 deg and a solar aspect angle in the range of 75-105
deg. C

The transformation matrix describing the relation Ay
= [8y/dy] Ay can be shown to be

r2g 0 0 0 07
3 0 -1 1 0 0

[N]= [—7—] =0.5 , (15)
' dy 0 1 1 0 0
0 0 0 -1 1
L0 0 0 11|

The covariance matrix of v can now readily be expressed in
that of y: '

[cov(y)] = [N][cov(y)][N]T (16)
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attitude determination error (3c)
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Fig. 6 Expected attitude determination error (3¢) over sensor
coverage interval for a launch date of March 21 and reference attitude
with right ascension A=280 deg and declination 6= —7 deg. (The
curves indicated by A and 6 refer to the evolution of the errors in right
ascension and declination, respectively. The bars labeled 1 and 2
designate the extent of the coverage intervals of the pencil-beams 1
and 2, respectively.)
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Fig. 7 Expected attitude determination error (30) for a launch date

of May 15, and referénce attitade A =307 deg, § = — 7 deg. Sensor set-
tings are 2.5 and — 1.5 deg (refer to Fig. 6 for clarifications).

Covariance Matrix of 0, 3, and «

Subsequently, the observation angles 6, 8, and « are deter-
mined from the array of five derived measurements y. Here
two different situations must be considered, namely, 1) where
Earth sensor measurements are available from one pencil
beam only, and 2) where both beams have coverage.

Calculation of B and o from Two Beams

In this case all five entries in the array y of Eq. (11) are
available. For the determination of B four equations are at our
disposal (cf., Fig. 1): .

cosy,;cosg + sinp;cosk;singB = cosp

cosfcosf + sinfcosay;sinf = cosy i=1,2 (17
The objective is to determine 8 in such a manner that its
variance is minimal on the basis of the given covariances for
the input observation angles 6, «;, and «;. It should be noted
that the uncertainties in the angles p, ¥, and u, appearing in
Eqgs. (17) have been taken into account when establishing the
covariances of 6, x;, and «; from the basic measurement
biases. A different approach is taken in Ref. 4, where fun-
damental biases are assigned to all input variables only at this
stage. :
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The system of equatlons (17) is written in compact vector
notation as

acos@+ bsing—c=0 (18)

with obvious entries in the four-dimensional arrays a, b, and
¢. Introducing weighting factors w;, j=1,...,4, for each of the
four equations, one obtains the following combined system:

Acos+ Bsin—C=0 (19)

where' A =wT-4, B=wT-b, and C=wT-c. After determina-
tion of w the solution of 8 is given by

B=arctan(B/A) +arccos{ C/~ (A2 + B?)} (20)

The sign ambiguity can be resolved by a consistency check
with the individual solutions of each of the four equations or
by a priori knowledge of the 3 angle.

The array elémeénts of @ and b (and thus the scalars 4 and
B) contain the observation angles y = (0, x;; ai, &, o;)7. In
order to establish the transformation from Ay to AB, Eq. (19)
is written in shorthand as

F(By) =wT-f(B,y)=0 ‘ @y
with f defined by Eq. (18). By differentiation, oné obtains
' F ad
=—(VFT-A / vV=— 22
A== (VFT-Av) [ 5 22)

One can now calculate the variance of 3 as

oF \2
0%: [VFT'COV(‘Y) . VF]/(—B'B—"> (23)

Minimization of % with respect to thie four weights w; can be

shown to lead to the linear system?

[Alw=d 4
with :
of
[A]=[P]-[cov(y)]-[P]7, [Pl1= [W] (25)
o o
d —TB——bcosB asinf (26)

Thé 4 x 5 matrix [P] has the following‘nonzero entries:

Py, = —siny,sink, sinB; P,; = —sinp,cosk,sin8

P33 = —sing sine, sing, P,5 = —sinf sina,sing

Py, =cosf cosasind —sind cosp
P, =cosf cosa,sin—sinf cosf 27

By the nature of the covariance transformations the 4x4
matrix [A] must be symmetric. Furthermore, [A4] is non-
singular, since, on one hand, the two pencil-beam inclinations
u; (i=1,2) are different, leading to different x; observations
and corresponding entries in the matrix [P]. The observations
a,; and «,, on the other hand, represent the same physical
sun/Earth angle so that the corresponding elements of [P] in
Eqgs. (27) are almost identical. For these two equations in-
. dependence follows from the different biases according to the
-chordlength-dependent factors ¢; and d; in Egs. (8).
‘The weighting factors w;, j=1,...,4, must be calculated
from Eq. (24) by numerical means. The transformation Ay to
A with these weights satisfies the minimum-variance property
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and is provided by Eq. (22):

oF .

The calculation of the minimum-variance sun/Earth
azimuth angle « from the observations «, and o, appearing in
the array v of Eq. (11) is of a similar nature. Writing
a=qga; + (1 — g)e, with weighting factor g it follows that

AB=—pT-Ay,

02 =q%y33 +2q(1 = q)ys3s + (1 — @) 2ss 29)

where v, refers to the entries of the covariance matrix
[cov(y)] in Eq. (16). Thé minimum value of o2 is reached
when

q=(vss—v35)/ (y3— 235 +s5) (30

resulting in

02 = (v33¥ss = ¥3s)/ (vas — 2v3s +¥ss) (31

Designating the dbservation array (0,8,a)T as 9, the
resulting transformation from Ay to An becomes

1 0 0 0 0

Ag=| —py ~py —Dy —ps —ps |Ay=[QlAay (32)

0 0 q 0 1—g¢g

The 3 X 3 covariance matrix for the derived angles 5 follows
in the usual manner:

[cov(m]=1[Q]-[cov(y)]-[Q]1T (33

Calculation of 8 and o from One Beam

In the case where only one of the two pencil beams has
coverage, an analysis similar to that shown above can be per-
formed to obtain a minimum-variance estimate for 8 from
Eqgs. (17). The angle « of course equals «, or «,, as no redun-
dant information is available. The matrix equation in Eq. (24)
contains now only two weighting factors, i.e., w, and w; or W,
and w,. Concentrating on the first case, matrix [A4] is given
by the nonzero components

Ay =P%z’Yzz’a A=Ay —Plz(P31712 + Py3v23)

Ay =Py +2P31P33713 + Py (34)

In this case, the solution for the weights can be calculated

-analytically as

Wi 1 Apd; —Apd; 35)

w, ApAy —Ah Ady—Ad, _
The transformation from Ay to Ay is as in Eq. (32) with
Ps=ps=0, and g =1 in the present case, and p,=p; =0 and
g=0 in the case where the other pencil-beam has coverage.

The final covariance matrix of y=(6,8,«)7 follows then as in
Eq. (33).

Attitude Determination Error Covariances
The observation angles 7= (6,53,«)7 represent the essential
inputs into the attitude estimation process. The covariance
matrix [cov(g)] established above will form the basis for ob-
taining the final covariances of the attitude vector expressed in
terms of its right ascension A\ and declination 8.



MARCH-APRIL 1986

Linear Observation Model

The observation model connecting the angles 4 to the at-
titude unit vector Z is (cf., Fig. 1)

Z-S=cosf
Z-E=cosf
Z- (Sx E) =sinf sing sina 36)

Designating the right-hand sides by the vector ¥ (%), Egs. (36)
can be expressed as a linear observation model

Y(n)=[H]1Z ’ 37
with
S] S2 S3
[H] = E, E, E, (38)

S,E;—S:E, S;E,—S\E;  S,E,-SE,

Here, S; and E;, j=1,2,3, denote the components of the
satellite/sun and satellite/Earth unit-vectors in the inertial
reference frame.

The covariance matrlx [cov(Y)] can be calculated from
feov(n)]:

[cov(Y)]=[Q]-[cov(m)]-{Q]T (39)
with
5]
[Q]1= o
—sinf 0 0
= 0 —sing 0

cosf sinB sine  sind cos@ sina  sinf sinB cosa
40)

It may be emphasized that the model in Eq. (37) is exact and
avoids the cumbersome linearizations required in the case
where the angles 6, 3, and « themselves aré taken as the obser-
vation inputs in the state estimation filter.

Attitude Vector Covariances

The effect of systematic biases on the attitude estimation
result may be assessed by considering a single-frame attitude
determination. This result would then be indicative of the
systematic error remaining in the state estimate based on
measurements in the immediate neighborhood of the selected
time.

By performing the calculatlon for a number of points over
the sensor coverage interval an assessment of the expected at-
titude determination error evolution over the coverage period
can be performed.

The covariance matrix for the three inertial components of
the attitude vector Z can be obtained by inverting the linear
relationship in Eq. (37). Theréto, unitvectors T and N are in-
troduced so that T lies in the plane formed by S and E, and N
is normal to this plane as follows:

=cosyS+sinyT, SxE=sinyN 1)

The matrix [H] of Eq. (38) can now be decomposed as

1 0 0 S, S, S
[H]=| cosy siny O W T, T, | 42)
0 0 siny N, N, N,
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Inversion of this matrix can readily be performed because the
second matrix in Eq. (42) is orthonormal,

S, T, N, sing 0 0
[ ]—1=—l—t}1—$ S, T, N, —cosy 1 O @5
Sy Ty N, 0 01

It is noted that the components T; and N Jj=1,2,3, are
known from the knowledge of § and E via Eqs (41). The3x3
covariance matrix of the three inertial attitude vector com-
ponents now follows immediately:

[cov(Z)]=[H] ' -[cov(D)]-[H '] 449

This result illustrates the colinearity problem arising when
¢¥—0 or 7 (when the vectors E and § become aligned). The
matrix [H] of Eq. (42) becomes singular in this case and the
attitude becomes indeterminate. Since ini a near-colinearity
case the Earth and sun sensors provide good information only
on the attitude component along the S~ + F reference direc-
tion, the projection of the attitude vector in the plane normal
to this diréction remains practically unobservable. For the
covariance analysis it is important to recognize that the
magnification of the systematic errors in sensor measurements
into the final attitude result grows enormously for values of ¢
near 0 or w. It may be mentioned that the so-called dynamic
attitude reconstitution method* has been developed with the
purpose of resolving this difficulty by introducing a new
referénce direction along the vector E. :

Right Ascension and Declination Covariances
The final transformation to be implemented expresses the
covariance matrix for the two angles A and 8 in terms of the
covariances of the attitude vector inertial components. Using
A=arctan(Z,,Z,), é=arcsin(Z;) (@5)

the linearized transformation

[A)\J { LN+ ZY) Z,/(Z2+20) 0
A5 0 0o UM}
- [K]AZ
(46)

can be established. The covariance matrix of A and & follows
as:

[cov(N6)] =[K] - [cov(Z)]-[K]T CY)

This represents the final result in the chain of covariance
transformations starting with the selected input biases and
leading all the way up to the corresponding attitude vector
right ascension and declination errors.

Discussion of Results

The covariance analysis presented hetein is used routinely
for attitude determination accuracy assessments for ESA’s
geostationary satellites in transfer orbit. For the purpose of il-
lustration, a few typical results are shown in the.accompany-
ing figures which are based on the calculation of the
covariances at 1-deg steps in true anomaly over the complete
pencﬂ beam coverage interval. As input biases the values given
in Egs. (3) and (5) have been chosen in all cases. The extent of
the coverage intervals of the individual pencil beam is in-
dicated in the figures by the numbered bars. It is evident that
the accuracy of the attitude detérmination improves con-
siderably when both beams have coverage because of the op-
timal combination of the individual measurements.
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Fig. 8 Expected attitude determination error (30) for the same sitna-
tion as in Fig. 7, but at sensor settings of 13.5 and 9.5 deg (refer to Fig.
6 for clarifications).

Figure 6 shows the accuracy degradation due to a sun/Earth
near-colinearity with a minimum ¥ angle of about 4 deg at 254
min after perigee. A typical Ariane transfer orbit with
parameters @ =24,400 km; e= 0.73; i=8.1 deg; w=158.5 deg;
Q=210 deg is considered. The pencil-beam settings are at
—0.5 and —4.5 deg from the spacecraft equatorial plane. Ac-
ceptable attitude determination accuracies are assumed to be
achievable when over an interval of 1 h the average 3¢ declina-
tion error is below 0.6 deg and that of the right ascension is
below 0.2 deg. In Fig. 6 this would be the case only for an in-
terval extending far beyond apogee (occurring at 316 min).
This is undesirable from an operational point of view. By
selecting higher sensor settings it would be possible to shift the
coverage interval closer to the perigee. In that case, however,
the near colinearity would occur closer to the middle of the
coverage interval and a serious degradation in attitude deter-
mination accuracy would result. In this case, acceptable ac-
curacies may be achieved by shifting the longitude of the
nodes (and thus launch time) such that the near colinearity oc-
curs after apogee or still closer to perigee.

Since the sun/Earth angle represents one of the main factors
governing the attitude determination accuracy, the location of
the sensor coverage interval relative to the point of smallest
sun/Earth angle is of extreme importance for the achievable
accuracy in a particular launch configuration. For present
ESA communication satellites it is possible to select a
favorable sensor setting (out of a range of 19 deg) in order to
avoid a sharp near-colinearity within the coverage interval
during a given launch window. It is of interest to point out
that, also in normal circumstances (i.e., when no colinearity
problems are present), advantage could be taken of the
available variable sensor mountings. This is illustrated in Figs.
7 and 8 for a launch on May 15 under identical transfer orbit
conditions but with different pencil-beam settings. The
sun/Earth angle decreases continually cover the coverage in-
terval. A comparison of the two figures at 250 min clearly
shows the upward trend in declination error for the decreasing
sun/Earth angle. Although both settings would produce ac-
ceptable accuracies, there is a difference in the best 1-h aver-
aged declination errors: 0.31 deg in Fig. 7 compared to 0.19
deg in Fig. 8. The corresponding expected fuel savings for ac-
quisition maneuvers could amount to one month North-South
stationkeeping which would increase the prospective mission
lifetime by the same amount. From these considerations it is
evident that the higher sensor setting is more favorable in this
case:

There is an additional aspect that should be taken into ac-
count, namely, the evolution of the attitude determination er-
ror over the launch window. Table 1 provides a summary of
the best 1-hr averaged declination errors for three different
sensor settings (including the two cases illustrated in Figs. 7
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Fig. 9 Expected attitude determination error (3¢) for actual
MARECS-A conditions, i.e., launch on December 20, 1981, and
reference attitude A =2.5 deg, 6= — 6.3 deg. Sensor settings are 11.5
and 7.5 deg (refer to Fig. 6 for clarifications).
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Fig. 10 Expected attitude determination error (3¢) for actual ECS-1
conditions, i.e., launch on June 16, 1983, and reference attitude
A=336.6 deg, 6= ~9.0 deg. Sensor settmgs are 6.5 and 2.5 deg (refer
to Fig. 6 for clanflcatlons)

and 8) over the launch window extending from 12 to 14 hr
GMT. The expected error in right ascension is not relevant
here as it lies between 0.13 and 0.14 deg in all cases considered.
Since it is more likely that the launch would take place at the
beginning rather than at the end of the launch window, the
results of Table 1 should be weighted accordingly for selecting
the best overall setting. In the present example the highest set-
ting is the best also under these considerations.

- Figure 9 shows the results of the covariance analysis for the
actual .transfer orbit conditions in the case of MARECS-A
launch on December 20, 1981. The orbital elements were
a=24,370 km, e=0.73, i=10.56 deg, w=175 deg, and
0=273.7 deg. The fact that the expected attitude error as
shown in Fig. 9 is relatively large is mainly due to the severe
sensitivity -of the attitude vector (in particular, its Z compo-
nent) to errors in.the sun/Earth azimuth angle: In terms of
Wertz’ (Sec. 10.5) terminology! the attitude vector lies close to
the null point, i.e., near the direction of the § X E vector. This
effect becomes progressively stronger over the coverage inter-
val. The actual attitude determination error, which was
reconstructed a posteriori from the orbits determined prior to
and after apogee boost motor (ABM) firing, turned out to be
on the order of 1 deg for MARECS-A.

Figure 10 illustrates the covariance results for the actual
ECS-1 transfer orbit conditions (¢=24,420 km, e=0.73,
i=8.6 deg, w=178 deg, and @=249.4 deg) on June 16, 1983.
In this case no particular sensitivity problems were observed,
thus, the expected accuracy is relatively good. In fact, the ac-
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Fig. 11 Expected attitude determination error (30) for hypothetical
Giotto launch configuration on July 5, 1985, and reference attitude
A= —22.4 deg, = —11.3 deg. Sensor settings are +10 and +30 degs
(refer to Fig. 6 for clarifications).

tually observed attitude error at ABM firing proved to be only
0.16 deg.

Finally, Fig. 11 shows the evolution of the expected attitude
determination accuracy for ESA’s Giotto spacecraft which has
been launched by Ariane in a standard geostationary transfer
orbit before being injected into its Halley’s comet inter-
cept trajectory by a perigee kick. This spacecraft is
equipped with four pencil-beam sensors at fixed orientations
+10 and +30 deg from the satellite’s equator.The figure
shown is valid for the launch on July 5, 1985, with the usual
orbital elements and =284 deg. The attitude is taken as
A= —22.4deg and 6= —11.3 deg. Figure 11 shows that an ac-
" curacy of 0.4 deg in declination and 0.2 deg in right ascension
is achievable under the assumed conditions. In fact, Giotto
was launched on July 2, 1985, with a near-perfect attitude
determination result.
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Concluding Remarks

A covariance analysis providing the expected attitude deter-
mination accuracies on the basis of realistic input biases in the
fundamental sensor measurements has been presented. The
results of this analysis allow one to select the most favorable
attitude determination periods within a given coverage inter-
val. In the.case of satellites equipped with variable sensor
mountings, as is the case with present-day communication
satellites, the best possible sensor setting over a given launch
window can be identified. The benefits of a more accurate at-
titude determination capability are apparent, as any fuel saved
during orbit corrections needed because of attitude errors at
apogee motor firing translates directly in a prolongation of the
prospective mission lifetime. Finally, the results would pro-
vide a quantitative estimate on the achievable attitude deter-
mination accuracy on the basis of specified sensor measure-
ment error tolerances.
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