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CALIBRATION TECHNIQUE FOR ATTITUDE MANOEUVRES

OF SPINNING SATELLITES

Jozef C. van der Ha*

The paper presents an efficient practical calibration technique for rhumb-line
attitude control manoeuvres of spin-stabilized satellites. The only measure-
ments used in the calibrations are the solar aspect angles generated by a com-
mon V-slit Sun sensor. Both the path-length and rhumb-line angle can be es-
tablished accurately by using the initial and final Sun aspect angles of two in-
dependent manoeuvre paths. This technique was applied successfully for the
CONTOUR mission in summer 2002 before executing a full 180-deg flip ma-
noeuvre. The final attitude error at the end of the manoeuvre was below 3 deg
in arc-length.

INTRODUCTION 

We present an efficient and practical calibration technique for rhumb-line attitude control ma-
noeuvres of spin-stabilized satellites. The calibration technique requires only measurements pro-
duced by a V-slit Sun sensor. It has actually been employed successfully during the initial opera-
tions of the CONTOUR mission in its Earth-orbiting phase in July 2002. This technique can eas-
ily be implemented and may therefore be of interest to other satellites as well. 

A 180-deg attitude reorientation manoeuvre needed to be performed a few days after 
CONTOUR’s separation from the launcher1. At that time, the hydrazine thrusters that were to be 
used for this manoeuvre had not been calibrated. In fact, they had not even been used. Therefore, 
there was a significant risk that the satellite attitude would not be able to reach its final target atti-
tude with the necessary precision of only ‘a few degrees’ (due to system-level requirements). 

The attitude control of a spin-stabilized spacecraft can be accomplished by a forced precession 
of the spin axis. In practice, this is accomplished by a sequence of thrust pulses (by one or more 
thrusters) that are synchronized with the spin phase angle (see References 2 - 3 for more details).  

The inertial direction of the spin-axis motion can be controlled by introducing a constant delay 
time in the start of the thruster firings relative to the instant when the Sun crosses the Sun sensor’s 
vertical slit. This strategy makes the spin-axis direction follow a rhumb-line path as illustrated in 
Figure 1. The angle χ is the constant rhumb angle relative to the Sun cone (i.e., the local latitude 
circle) on the unit-sphere with the Sun at the north-pole location. 

The manoeuvre path-length λf is proportional to the number and magnitude of the applied 
thrust pulses. Therefore, any errors in the intended thrust level or in the number of desired thrust 
pulses lead to errors in the resulting total path-length.  
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Figure 1 – Spherical Geometry of Rhumb-Line Manoeuvre 

It may be noted that the rhumb-line path length is in general different from the corresponding 
minimum great-circle arc-length distance between the initial and final attitude vectors. In prac-
tice, however, it is usually fairly close, especially for small manoeuvres (see Reference 2).  

The second parameter defining the manoeuvre path is the rhumb angle χ shown in Figure 1. 
This angle represents the sum of the delay angle of the initiation of the thrust pulses (relative to 
the instant of the Sun crossing the Sun sensor vertical slit) and the centroid or mid-time of the 
thrust pulses. Furthermore, the offset between the Sun-sensor position and the thruster location(s) 
within the satellite’s body reference frame must be taken into account in the calculation of χ. Er-
rors in any of these input parameters lead to proportional errors in the effective rhumb angle.  

MANOEUVRE CALIBRATION PARAMETERS 

Mathematical Formulation 

The mathematical formulation employed here is based on the rhumb-line model established in 
Eqs. (29) of Reference 2. This model makes careful distinctions between the independent and 
dependent variables:  

 ( , , ) = sinf i f i fϑ ϑ λ χ ϑ λ χ−  (1a) 

 { }( , , , ) = ( ) ( ) / tanf i i f i f iy yξ ξ ϑ λ χ ξ ϑ ϑ χ− −  (1b)      

The logarithmic function ( )y ϑ  is defined by: 

 ( ) {tan( / 2)}y nϑ ϑ= �  (1c) 

The expression for the variable ξf in Eq. (1b) contains hidden dependencies because ϑf is a 
function of the independent variables ϑi , λf , and χ as indicated by Eq. (1a). Equations (1) provide 
a useful model for analyzing the error propagations over the manoeuvre path (see Reference 2). 
The same system of equations will be used here for establishing the calibration scheme. 
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The variables appearing in Eqs. (1) represent those belonging to the actual rhumb-line ma-
noeuvre path. Therefore, ϑi andϑf refer to the actual values of the initial and final Sun aspect an-
gles, respectively. Similarly, λf andχ are the actual path-length and rhumb angle. It must be noted 
that, in practice, these actual variables remain unknown during the manoeuvre planning, during 
the manoeuvre execution, as well as during its evaluation. 

Planned Manoeuvre Parameters 

The planned manoeuvre is designed and prepared prior to the actual manoeuvre execution. 
The equations describing the planned manoeuvre employ the same rhumb-line model as in Eqs. 
(1) with the understanding that it now contains the planned parameters, i.e. ϑi ,p, ϑf ,p, λf ,p, and 
χp. In particular, the counterpart of Eq. (1a) can be written as: 

 , , , , ,( , , ) = sinf p i p f p p i p f p pϑ ϑ λ χ ϑ λ χ−  (2) 

We focus now on the differences between the actual and planned manoeuvre parameters and 
introduce the associated small difference parameters, i.e. = pa a aΔ − : 

 , , ,= ; = ; = ; =i i i p f f f p f f f p pΔϑ ϑ ϑ Δϑ ϑ ϑ Δλ λ λ Δχ χ χ− − − −  (3) 

When subtracting the expressions in Eq. (1a) and Eq. (2) we obtain: 

 ,= sin sinf i f p p fΔϑ Δϑ λ χ λ χ+ −  (4) 

This expression can be simplified by means of a Taylor-series expansion of the final term 
about the known parameters λf ,p and χp. Finally, we obtain the approximate first-order result: 

 ( ) ( ),sin cosf i p f f p pΔϑ Δϑ χ Δλ λ χ Δ χ≈ − −  (5) 

Measured Manoeuvre Parameters 

During the in-flight manoeuvre execution, the Sun sensor produces the measurements of the 
start and end values of the solar aspect angles, i.e. the angles ϑi ,m and ϑf ,m. When including the 
respective random noise contributions mi and mf , we can construct relationships between the 
measured Sun aspect angles ϑi ,m and ϑf ,m and the actual rhumb-line parameters λf and χ of Eq. 
(1a) as follows: 

 , ,= ;i m i i f m f fm mϑ ϑ ϑ ϑ+ = + �  (6a,b) 

 , , = sinf m i m f mϑ ϑ λ χ− − +  (6c) 

The noise term m = mf – mi represents the difference between the random errors in the final 
and initial Sun-aspect-angle measurements of Eqs. (6a,b). It can be seen that identical biases in 
the two Sun-angle measurements would cancel by the subtraction in Eq. (6c). Differential bias 
errors, however, would affect the result of Eq. (6c) but they are expected to be minor so we may 
ignore them here. Furthermore, we assume that the random noise terms mf  and mi are independent 
and have vanishing expected values, i.e. E{mf} = E{mi} = 0.  

In summary, we have the following statistical properties of the noise term m: 

 { } = { } = { } { } = 0f i f iE m E m m E m E m− −  (7a) 

 2 2 2 2 2{ } = { } { } 2 { } 2f iE m E m E m E ϑϑ σ+ = =  (7b) 
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where 2
ϑσ  denotes the expected variance of the individual Sun-aspect-angle measurements. When 

ignoring nutation effects, the standard deviation ϑσ  of the measurement noise in the Sun aspect 

angle in Eq. (7b) is typically of the order of only 0.001 deg (see Reference 4). 

Now we introduce the notation = m pa a aδ −  for the difference between the measured and 

planned parameters, i.e. am and ap, of an arbitrary unknown variable a. When subtracting the 
measured and the planned final solar aspect angles in Eqs. (6c) and (2), respectively, we find: 

 ( ), , , , ,= = sin sin =f f m f p i m f i p f p pmδϑ ϑ ϑ ϑ λ χ ϑ λ χ− − + − −   

 ,= sin sini f f p p mδϑ λ χ λ χ− + + ≈   

 ( ) ( ),sin cosi p f f p p mδϑ χ Δλ λ χ Δχ≈ − − +  (8) 

The Δ symbol appearing in Eq. (8) has been defined in Eq. (3) and refers to the differences be-
tween actual and planned manoeuvre variables.  

It is of interest to compare the result of Eq. (8) with Eq. (5) which looks very similar. Eq. (5) 
deals with the differences between the unknown actual manoeuvre parameters and the associated 
planned parameters. Eq. (8), on the other hand, relates the planned manoeuvre variables to the 
measured ones, which forms the basis for the calibration strategy to be discussed next.  

Figure 2 provides an illustration of the rhumb-line variables and Sun-angle differences.  

 

 

Figure 2 – Visualization of Manoeuvre Parameters and their Differences 

COMPUTATION OF CALIBRATION PARAMETERS 

Rhumb-Line Calibration Equations 

In practical applications, the Sun Sensor produces much more accurate measurements than for 
instance the infra-red horizon Earth sensors (in terms of random errors and biases). Therefore, it 
is advantageous to perform the calibration procedure based on Sun sensor measurements only.  

When considering a single manoeuvre path, we find that Eq. (8) provides only one equation 
for the two unknown errors 

fΔλ  and Δ χ . Therefore, the initial and final Sun angle measurements 

ϑi andϑf  cannot achieve the immediate calibration of both rhumb-line parameters λ and χ.  
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Therefore, we propose a strategy that uses two separate manoeuvre paths to achieve the cali-
brations of both rhumb-line parameters using only Sun-aspect-angle measurements. The two 
paths must have different rhumb angles to provide two independent equations for the two un-
knowns. In general, with the help of Eq. 8, we can write the two manoeuvre path equations as: 

 ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
,= sin cosf i p f f p p mδϑ δϑ χ Δλ λ χ Δχ− − − +1 1 1 1 1 1 1 1  (9a) 

 ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
,= sin cosf i p f f p p mδϑ δϑ χ Δλ λ χ Δχ− − − +2 2 2 2 2 2 2 2  (9b) 

where the superscripts (1) and (2) designate each of the two individual manoeuvre paths. 

As long as the manoeuvres are performed by the same thrusters(s) and if the effects of pro-
pellant blow-down and other time-dependent effects can be considered negligible, the ratios 

( ) ( )
,/ f pΔλ λ1 1  and ( ) ( )

,/2 2
f pΔλ λ  will be identical. Similarly, when assuming identical conditions for 

the thrust centroid time and other timing parameters during both manoeuvre paths, we can assume 
that also the rhumb-line errors ( )Δ χ 1  and ( )Δ χ 2  will be identical.  

We can simplify Eqs. (9) by introducing the abbreviations: 

 ( )( ) ( ) ( )
,= / , 1,2j j j

j f i f py jδϑ δϑ λ− =  (10a) 

  ( ) ( ) ( ) ( ) ( ) ( )
, ,= / = / ; = =f f p f f px xΔλ λ Δλ λ Δχ Δχ1 1 2 2 1 2

1 2  (10b,c) 

 ( ) ( )= -sin ; = -cos , 1, 2j j
j p j pa a jχ χ =1 2  (10d,e) 

 ( ) ( )
,/ , 1, 2j j

j f pm m jλ= =  (10f) 

The parameter x1 represents the calibration coefficient or scale factor of the manoeuvre path-
length and the parameter x2 is the calibration constant of the rhumb angle in radians. 

Finally, we write the system of Eqs. (9) in the compact vector-matrix form: 

 = = + = +
y a a x m

A
y a a x m

� � � �� � � �
� � � � � �	 

� �  �� � � �

y x  m1 11 12 1 1

2 21 22 2 2

  (11) 

The noise terms m(j) for j = 1, 2 are in general very small because of the accurate Sun-sensor read-
ings as discussed below Eq. (7). Furthermore, the definition of the noise terms mj (j = 1, 2) in Eq. 
(10f) shows that the noise effect decreases when increasing the manoeuvre path-length λf. 

Solutions for Calibrated Parameters 

When ignoring, for the time being, the noise term m and assuming that the matrix A is non-
singular, we can immediately solve for the unknown parameters xj (j = 1, 2) in Eq. (11): 

 = = =
x y

A A
x y

− −� � � �
� � � �
� � � �

x y1 1

2 2

1 1   (12) 

with the inverse matrix A-1 given by: 

 =
a a

A
a aa a a a

− −� �
	 
−−  �

1 1 22 12

21 1111 22 12 21

 (13) 
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We calculate the elements of the matrix A-1 in explicit terms of the elements of the matrix A 
defined in Eqs. (10d,e): 

 
( )

( ) ( )

( ) ( ) ( ) ( )

cos cos
=

sin sin sin

p p

p p p p

A
χ χ

χ χ χ χ
−

� �−
	 


− −	 
 �

2 1

2 1 2 1

1 1   (14) 

Finally, we obtain the explicit results for the calibration parameters from Eqs. (10) to (14): 

 
( )

( ) ( )( ) ( ) ( ) ( )

( ) ( )
( ) ( )( )

, ,

= cos cos
sin

f i f i

p p
f p f pp p

x
δϑ δϑ δϑ δϑ

χ χ
λ λχ χ

�� − −� �
−� �

− � �� �

1 1 2 2

2 1
1 1 22 (1)

1  (15a) 

 
( )

( ) ( )( ) ( ) ( ) ( )

( ) ( )
( ) ( )( )

, ,

sin sin
sin

f i f i

p p
f p f pp p

x
δϑ δϑ δϑ δϑ

χ χ
λ λχ χ

�� − −� �
= − +� �

− � �� �

1 1 2 2
2 1

2 1 22 (1)

1  (15b) 

We note that a singularity occurs when the two rhumb angles of the two manoeuvre paths are 
equal or differ by +/- 180 deg. In these situations, the two equations are not independent and un-
ambiguous solutions for the calibration parameters x1 and x2 cannot be established. In these cases, 
at least one different manoeuvre path should be selected for achieving the calibrations.  

Orthogonal Manoeuvre Paths 

The following four special cases are of considerable practical interest: 

 ( )
pχ 1  = ± 90°;  ( )

pχ 2  = 0 or 180° (16a,b) 

Each of the four pairs of rhumb angles( ( )
pχ 1 , (2)

pχ ) represents two successive orthogonal manoeu-

vre paths. For example, we take the pair (+ 90°, 0) and find the simplified results of Eqs. (15): 

 ( )( ) ( ) ( ) ( ) ( )
, ,= / = /f f p f i f px Δλ λ δϑ δϑ λ− −1 1 1 1 1

1  (17a) 

 ( )( ) ( ) ( ) ( )
,= = /f i f px Δχ δϑ δϑ λ− −2 2 2 2

2  (17b) 

Similar results (with different signs) can be established for the other three pairs in Eqs. (16).  

Finally, we convert the results of Eqs. (17) into the calibrated (i.e., updated) parameters λf ,c 
and χc for each of the two planned manoeuvre paths as follows: 

 ( ) ( ) ( )
, ,= + ;f c f p fλ λ Δλ1 1 1    ( ) ( ) ( )=c pχ χ Δχ+2 2 2  (18a,b) 

These results form the basis for calibrating the thrust level and the thrust centroid time, respec-
tively, which may then be used in the preparation of future manoeuvres. In particular, the thrust-
level calibration is given by: 

 ( )( ) ( )
,= 1 + /c f f p pT TΔλ λ 1 1  (19) 

where Tp and Tc denote the planned and calibrated thrust levels, respectively. Because spin-rate 
changes affect the delay angle between the Sun-sensor signal and the start of the thrust pulses, 
care should be taken to eliminate their effects from the centroid time calibrations. 

The specific pairs of manoeuvre paths in Eqs. (16) have the attractive property that the calibra-
tions of the path-length and the rhumb angle are strictly separated in the two manoeuvre paths. 
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During the first path with planned rhumb angle χp = +90°, the spin axis moves nominally 
straight towards the Sun position in inertial space, as can be visualized with the help of Figure 1. 
We see that the Sun aspect angle decreases continuously over the manoeuvre path. If the meas-
ured final Sun aspect angle is larger than the planned final Sun aspect angle we can conclude that 
the thrust-level underperformed.  

Thus, the thrust level will be assigned a negative calibration, which is consistent with the mi-
nus sign in Eq. (17a). In this case, the measurements of the Sun aspect angle at the start and end 
of the manoeuvre path provide accurate information on the actually achieved path-length, which 
enables us to perform the path-length calibration. 

On the other hand, during the second manoeuvre path with the planned rhumb angle χp = 0, 
the spin axis path moves along the local Sun-cone circle and maintains a constant Sun aspect an-
gle during the manoeuvre path, at least nominally, see Figure 1. If the measured final Sun aspect 
angle turns out to be larger than the planned constant value, we know that the rhumb angle was 
actually negative instead of 0 (and vice versa).  

Therefore, the calibration should assign a negative calibration value to the planned rhumb an-
gle, which is consistent with the minus sign in Eq. (17b). In this case, the Sun-aspect-angle mea-
surements at the start and end of the manoeuvre provide accurate information about the actual 
rhumb angle, so that in this second manoeuvre path we can achieve the rhumb-angle calibration.  

As a further potential advantage of the proposed calibration strategy, we mention that the path-
length calibration performed during the first path may benefit the rhumb-angle calibration during 
the second manoeuvre path. In practice, this means that, instead of using the initially planned 
thrust level, we employ the improved thrust-level knowledge that resulted from the path-length 
calibration after completion of the first manoeuvre path. 

Summary of Parameters Used for the Calibrations 

Table 1 summarizes the initial and final designations of the actual, planned, as well as the 
measured rhumb-line Sun angles. Similarly, Table 2 provides the actual, planned, as well as the 
calibrated rhumb-line parameters. 

 
Table 1. Sun Angle Measurements of Rhumb-Line Manoeuvre 

Parameter 
Actual 

(unknown) 
Target  

(planned) 
Measured Differences 

Initial SAA ϑi
 ϑi, p ϑi, m δϑi  = ϑi, m – ϑi, p 

Final SAA ϑf
  ϑf, p ϑf, m δϑf  = ϑf, m – ϑf, p 

 

Table 2. Calibrations of Rhumb-line Manoeuvre Parameters 

Parameter 
Actual 

(unknown) 
Target 

(planned) 
Calibrated Calibrations 

Path length λ λp λc Δλ = λc – λp  

Rhumb angle χ χp χc Δχ = χc – χp 
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ERROR ANALYSIS 

When recognizing that the planned manoeuvre parameters are deterministic variables, we can 
construct the following expression for the errors in the generalized measurements yj, see Eqs. 
(10a) and (10f): 

 ( ) ( ) ( ) ( ) ( )
, ,{ } / / , 1,2j j j j j

j f i f p f py m jϑ ϑ λ λΔ = Δ − Δ = =  (20) 

The non-italic Δ appearing here is defined as Δa = am – a = δa – Δa and represents the difference 
between measured and actual variables, i.e. the familiar measurement error. 

We assume that the Sun-aspect-angle measurements are independent from each other, which is 
realistic when we consider random errors. This allows us to calculate the covariance matrix of the 
measurement vector y = (y1, y2)

T as follows:  

 
( )

,2 2

(2)
,

0
( ) { } = , with :

0

f p

f p

cov E
λ

σ Λ Λ
λ

−
� �

= Δ Δ = 	 

	 
 �

y y y�
1

T  (21a,b) 

The errors in the Sun-aspect-angle measurements are known from the observed Sun-sensor 
measurement performances, i.e. σ  = √2σϑ , see Eq. (7b). 

With the help of Eq. (11) we can now calculate the expected errors in the calibrated manoeu-
vre parameters x = (x1, x2)

T from Eq. (21) by means of the pseudo-inverse formula: 

 ( )= A A AΔ Δ �x y 
-1T T  (22a) 

 ( ) ( ){ } = ( )  E A A A cov A A AΔ Δ �x x y�
-1 -1T T T T   

 ( ) ( )2 2( ) =  cov A A A A A Aσ Λ−x
-1 -1T T T  (22b) 

with: 

 ( )
2 2

2 2
=

a a a a a a
A A

a a a a a a

� �+ +
	 


+ +	 
 �

-1

-1T 11 21 11 12 21 22

11 12 21 22 12 22

 (23) 

When we consider the special pairs of manoeuvres defined in Eqs. (16), we find that the ma-

trix ( )A AT and its inverse are equal to the identity matrix in all four cases. Therefore, when 
adopting one of these four manoeuvre calibration strategies, we find the following expected errors 
for the calibration parameters in Eq. (22b): 

 2 2( ) =cov A Aσ Λ−x T  (24) 

where the vector x consists of the two calibration parameters defined in Eqs. (17a,b).  

The results in Eqs. (22b) and (24) indicate that the calibration errors are inversely proportional 
to the respective manoeuvre path-lengths which is intuitively evident. In the particular case when 
both manoeuvre path-lengths are equal to 1 radian, we see from Eq. (21b) that Λ  is reduced to the 
identity matrix. Therefore, only the σ 2 term is left on the right-hand side of Eq. (24) and the cali-
bration errors of both path-length and rhumb angle are equal to σ  ≈ 0.0014 deg.  
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In practice there will be a number of systematic errors (i.e., biases) that may be significantly 
larger than the random errors discussed here. In particular, spin-rate changes and variations in the 
thrust levels during and in-between the manoeuvre paths are usually the main error sources. 

APPLICATION TO CONTOUR 

Two dedicated calibration manoeuvres were performed by the CONTOUR satellite in summer 
2002 to achieve the calibration of the manoeuvre path-length (i.e., thrust level) and the rhumb 
angle (i.e., centroid time), see Reference 1. The strategy outlined above was used for this purpose, 
in particular the pair of orthogonal manoeuvre paths proposed in Eqs. (16). 

The two manoeuvre paths selected for CONTOUR were incorporated in the 180-deg flip ma-
noeuvre needed to establish the correct attitude for executing an orbit correction manoeuvre at the 
second perigee. The calibrations took advantage of the accurate Sun-aspect angle measurements 
generated by the Sun-sensor. No other sensor measurements were used nor needed. 

The first manoeuvre path aimed at achieving the thrust-level calibration. It used a manoeuvre 
path that was headed normal to the local Sun cone. Therefore, the Sun sensor was able to accu-
rately measure the achieved path-length.  

The second manoeuvre path was used to perform the calibration of the rhumb angle, i.e. the 
effective centroid time of the thrust pulses. It used a nominal path along the local Sun-cone circle 
so that the Sun sensor could accurately measure the deviation from this path, i.e. the rhumb angle. 
As a result of these two calibration manoeuvres (plus a diligent accounting for spin rate effects), 
CONTOUR’s first 180º flip manoeuvre achieved its required target attitude within 3 deg1.  

Figure 3 gives a visualization of the 180-deg flip manoeuvre path in the form of a Mercator 
projection showing the path of the attitude unit-vector traced on the unit-sphere. The complete 
manouevre consists of 4 manoeuvre paths, each with its specific path-length and rhumb angle.  

The first two shorter paths are dedicated to the calibration objectives and the following two 
larger paths of about 64 deg lengths complete the 180-deg flip manoeuvre. The interruption in the 
middle was introduced to be able to correct for any observed spin changes during this very long 
manoeuvre. The five attitude orientations at the start and end of the four manoeuvre paths are 
identified by three parameters (RA, DE) / SAA, denoting (Right Ascension, DEclination) / Sun 
Aspect Angle, respectively.  

The nominal first path has a length of about 19 deg and a rhumb angle of +90 deg. Thus, the 
spin-axis attitude moves nominally along a meridian circle in the direction towards the Sun. This 
results in a pure (at least nominally) Sun angle change so we can achieve a very precise calibra-
tion of the manoeuvre path-length on the basis of the measured change in Sun aspect angle. 

The second manoeuvre path is about 57 deg long and follows the direction normal to that of 
the first path. The rhumb angle is now 180 deg with the attitude moving along the Sun cone at a 
nominally constant Sun aspect angle. Therefore, any observed change in Sun aspect angle over 
this manoeuvre path points to a rhumb-angle error and can be used for its calibration.  
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Figure 3 – Visualization of CONTOUR’s 180-deg Rhumb-Line Manoeuvres in July 2002 

CONCLUSION 

The paper presents the principles and technical details of an efficient practical calibration 
technique for rhumb-line attitude control manoeuvres of spin-stabilized satellites. The strategy is 
based on common V-slit Sun sensor measurements only. By using two independent manoeuvre 
paths we can achieve accurate calibration of both the manoeuvre path-length and rhumb angle.   

The proposed technique was actually successfully implemented and validated in-flight by the 
CONTOUR satellite in summer 2002 as an integral part of a 180-deg flip manoeuvre execution. 
The final attitude error at the end of the complete manoeuvre was below 3 deg. 

APPENDIX: CALIBRATIONS OF MULTIPLE MANOEUVRES 

Here we consider the stuation when we have an arbitrary number of n (larger than 2) indepen-
dent manoeuvre paths that we want to utilize for the calibrations of the rhumb-line path-lengths 
and the rhumb angles.  

This leads to a more general over-determined system of equations that can be analyzed by us-
ing the same relationship as given in Eq. (11) but with n > 2 measurements of the vector y:  

 = +Ay x  m   (A1) 

with: 
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 = ; = ; =
... .......

n n

y ma a

y ma a
A

y ma a

� � � �� �
� � � �	 

� � � �	 

� � � �	 

� � � �	 


 �� � � �

y m

1 111 12

2 221 22

n1 n2

  (A2a-c) 

The optimal calibration parameters are provided by the least-square solution of this system: 

 ( )ˆ = A A Ax y
-1T T  (A3) 

After substituting the relevant rhumb-line matrix elements ajk with j = 1, 2, …, n; k = 1, 2 of 
the n manoeuvre paths from Eqs. (10d,e) into Eq. (A3) we obtain: 

 
2 ( ) ( ) ( )

2 ( ) ( ) 2 ( )
1

sin sin cos
=

sin cos cos

j j jn
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and the explicit calibration follows from Eq. (A3): 
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We can now perform the same error analysis as in Eqs. (20) - (24) and write the expected error 
in a similar same form as in Eq. (22a):  

 ( )ˆ=   A A AΔ − Δx x x = y
-1T T  (A6) 

with covariance matrices: 
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T  (A7a) 

and:  

 ( ) ( )2 2( ) ncov A A A A A Aσ Λ−=x
-1 -1T T T  (A7b) 

This result is a generalization of the result in Eq. (22b) and is valid for any type of n > 2 indepen-
dent manoeuvres, each with its own path-length and rhumb angles and associated errors. 
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